Compensation of high interest rates by
tax holidays: A real options approach

Vadim Arkin and Alexander Slastnikov

There is an important problem how to attract investments to the real sector
of economics when credit risks are high. Our work is devoted to analysis of
related tax mechanisms.

In order to compensate risks and other unfavorable factors for the invest-
ment attraction the following tax benefits are often used:

e tax holidays (exemption from tax during the certain period),
e reduction in tax rate,
e accelerated depreciation.

It is worth noting that increased credit risks imply increasing interest rates
on credit.

In the paper, we study the possibility to apply the tax holidays mechanism
(on corporate profit tax) for a compensation of high-level interest rates.

Tax holidays have been used until present days in South-eastern Asia,
Eastern Europe and some Western European countries. One of the most suc-
cessful applications was the tax holiday program in Puerto Rico which was
initiated in 1949. Tax holidays granted for a period of 10-15 years have also
been introduced for start-up corporations specialized in Hi-Tech products in
Singapore. In Italy, beginning in 1986, 10 years tax holidays were established,
for firms that were settling their activity in the southern part of the coun-
try. Many developed and developing countries (included China. India, Brazil,
Malaysia et al.) provide tax holidays to attract foreign investment. In Rus-
sia, tax holidays were commonly used in the nineteen-nineties (a list of the
regions where those mechanisms were introduced can be found in [4]). Tax
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holidays are one of the most used stimuli in order to attract investment into
the so-called “Special Economic Zones” (as Skolkovo in Russia).

Various problems related to the influence of tax holidays on investment
decisions, especially under risk and uncertainty, were studied in number of
papers (see, e.g. [5], [10], [8]). Potential possibilities of tax holidays as a
mechanism for maximization of the expected discounted tax payments from
the created firm were explored in [4].

In economics with an increased risks (political, credit etc.) and other unfa-
vorable factors the following question arises: can tax benefits provide investor
with the same conditions (in some sense) for investment as he would have in
“standard” economy without any risks and unfavorable factors.

Such a compensation problem was established and studied in [4], [3], where
risk is modelled by an additive term to a discount rate (“risk premium”). As
mechanisms for compensating were explored tax holidays, depreciation policy
and reduction in profit tax rate.

In the present paper we formulate and solve (in real options framework)
the similar problem with such an unfavorable (for investor) factor as high-
level interest rates on credit.

1 The basic model

The model is related with an investment project directed to the creation of
a new industrial firm (enterprise). The important feature of the considered
model is the assumption that, at any moment, a decision-maker (investor)
can either accept the project and proceed with the investment or delay the
decision until he obtains new information regarding its environment (prices of
the product and resources, demand etc.). Thus, the main goal of a decision-
maker in this situation is to find, using the available information, a “good”
time for investing the project (investment timing problem).

The real options theory is convenient and adequate tool for modelling the
process of firm creation since it allows us to study the effects connected with
a delay in investment (investment waiting). As in the real options literature,
we model investment timing problem as an optimal stopping problem for
present values of the created firm (see, e.g. [6], [9]).

A creation of an industrial enterprise is usually accompanied by certain
tax benefits (in particular, the new firm is exempted from profit taxes dur-
ing certain period). We represent the firm’s present value as an integral of a
profits flow. Such a consideration allows us to take into account in explicit
form some peculiarities of a corporate profit taxation system, including tax
exemption. Such an approach was applied by authors for a detailed model of
investment project under taxation in [1], [3], [4].
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Uncertainty in economic system is modelled by some probability space
(£2,F,P) with filtration F = (F, t > 0). F; can be interpreted as the observ-
able information about the system up to the time ¢. Time ¢ > 0 is continuous.
We denote by E the expectation operator associated to P.

An infinitely-lived investor faces a problem to choose when to invest in a
project directed to the creation of new firm.

The cost of investment required to create firm at time ¢ is I;. Investment
are considered to be instantaneous and irreversible so that they cannot be
withdrawn from the project any more and used for other purposes. We assume
that (I, t > 0) is F-adapted random process.

Let us suppose that investment into creating a firm is made at time 7 > 0.

The result of such investment is the flow of profits from the firm (i.e. gross
income minus production cost) with intensity p7 ., at time 7+t (¢t > 0). pI,
is assumed to be F,4;-measurable random variables (¢,7 > 0).

The required investment I, is credited with repayment period L (years)
and interest rate A (annual).

The credit repayment (D7, ,,t > 0) is started right after the creation of the
firm 7. The principal repayment schedule (without interest rate repayment)
is described by “flow of repayments” D7,, >0, 0 <t < L: fOL DI ,dt=1I,.

The total repayments (included interest) that the firm pays on credit,
discounted to the investment time 7 are :

L
A
K, = K, (\) = / (D7ju+ ARZ Je?dt = Fr 4 2L = Fr), - (1)
0

L
where R} = / D7, .dsis an unpaid debt at the time 7+, p is the discount
t

L
rate, and F, = / DI, e Fdt.

Further, we asgume that total credit repayments K- () increase in interest
rate A. It is a natural economic assumption which allows to avoid “bad”
repayment schemes.

The created firm is granted with a tax holidays, during which it does not
pay corporate profit tax. Let v be a profit tax rate (tax burden), and v be
the duration of tax holidays.

Interest payments are included in profit tax base, but the maximal value
of deductible interest rates is bounded by the limiting value Ay (in Russia this
value equals to the refinancing, or basic, rate of the Central Bank of Russia
Aref; multiplied by 1.8, i.e. 13.95% at 2010).

The expected net present value (NPV) of the firm, discounted to the in-
vestment time 7 is:

v max(v,L)

V:=E /P:+t€7ptdt + / 7t —Y(Prye — S‘R:-H)]eiptdt
0 v
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max(v,L)

where A = min(\, \,). Here we apply the unified formula for profit tax both
for positive and negative tax base. It is in accordance with the principles of
full-loss offset, or loss carry forward, i.e. transfer of the current year’s losses
to future years’ profits that reduce profit tax base.

The starting point of this scheme is the known McDonald-Siegel model [9],
which was the base for the real option theory (see, e.g.,[6],[14]). More com-
plicated variants of this scheme, which take into account a detailed structure
of cash-flows as well as a number of different taxes one can find in [3].

The behavior of the investor is assumed to be rational. It means that he
solves the investment timing problem, namely, at any time 7 prior to invest-
ment he chooses whether to invest and to earn present value V., or to delay
further his investment. So, the investor’s decision problem is to find such a
stopping time 7 (investment rule), that maximizes the expected net present
value from the future firm :

E(V, — K;)e " — max, (3)

where the maximum is considered over all stopping times 7 (w.r.t. filtration
F), and V;, K, are defined in (1)—(2).

2 Solution of the investment timing problem

Main assumptions

Let (wf, t >0), (w?, t > 0) be two independent standard Wiener processes
on the stochastic basis (£2,F, F,P). These processes are thought as underlying
processes modelling economic stochastics. So, we assume that o-field F; is
generated by those processes up to ¢, i.e. 7y = o{(w},w?), s <t}.

The process of profits pl,, has finite expectations (Epl,, < oo for all
t,7 > 0), and is represented as follows:

p:+t = 7TT+t£77——+t7 t,7>0, (4)

where (7, t > 0) is geometric Brownian motion, specified by the stochastic
equation

t t

7rt:7r0+a1/773d8+01/775dw; (mg >0, 012>0), t>0, (5
0 0
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and (£7,4, t > 0) is a family of non-negative diffusion processes, homogeneous
in 7 > 0, defined by the stochastic equations

t+71 t+1
:+t=1+/a(s—nsz>ds+/b<s—7,fz>dw;7 Lr>0, (6

with given functions a(t, x), b(t,x) (these functions satisfy the standard con-
ditions for the existence of the strongly unique solution in (6) — see, e.g. [11,
Ch.5]).

The process 7 in representation (4) can be related to the (external) prices
of produced goods and consumed resources (external uncertainty), whereas
fluctuations &7, can be generated by the firm created at time 7 (firm’s
uncertainty). Obviously, pZ = 7, for any 7 > 0.

The cost of the required investment I; is also described by the geometric
Brownian motion as follows

t t
Q:Lﬁwm/gd&ﬁ/gme@+ommﬁx (b>0) t>0, (7)
0 0

where 021, 022 > 0. In order to avoid a degenerative case we assume that
022 > 0. Then the linear combination oa1w} +022w? has the same distribution
as (03, + 035)'/?1;, where 1; is a Wiener process correlated with w}, and
the correlation coefficient is equal to oo1 (03, 4+ 039) /2.

The flow of principal repayment at time 7 + ¢ (for the firm created at the
time 7) will be represented as:

DI, =1Id, 0<t<IL, (8)

where (dy, 0 <t <L) is the “repayment density” (per unit of investment),

characterizing a repayment schedule, i.e. non-negative deterministic function
L

such that / dy dt = 1. Formally, we will consider d; for all ¢ > 0 putting

dy = 0 for t0> L. Note, that repayment density can depend, in general, on
interest rate A, i.e. dy = di()).

Such a scheme covers various schedules of credit repayment, accepted in
practice (more exactly, their variants in continuous time). For example, fixed
principal repayment can be described by the uniform density d; = 1/L,
while the well-known annuity scheme (fixed payments for a principal plus
interest during the repayment period) corresponds to exponential density
di =XeM/(eM —1) (0<t<L).
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Derivation of the present value. Optimal investment timing

The above assumptions allow us to obtain formulas for the present value of
the future firm.
At first we need the following assertion.

Lemma 1. Let 7 be a stopping time. Then for allt >0
E(pl | Fr) = 7By, where By = E(m&)/mo. (9)

Proof. By the strong Markov property for a Wiener process the process w; =
wy,, —wy, t > 0 will be Wiener process independent on .. Using the
explicit formula for geometric Brownian motion one can rewrite relation (4)
as follows:

Pl =717, ., where II], . = exp{(as — o)t + 1@, }&L .
Homogeneity of the family (4) in 7 implies that the process ], coincides
(a.s.) with the unique (in the strong sense) solution of the stochastic equation

t t

& = 1+/a(s,§s)ds+/b(s,ﬁs)dtﬂs.

0 0

Since (&, t > 0) is independent on F, the process II7, . is independent also.
Moreover, II7, . has the same distribution as exp{(ai — 301)t + o1W; }&;, or
as (m/mo)&p. Therefore, E(pl,|F;) = . BII], = m,BE(m&))/mo. O

Let us define the following function :

B(t) = /Bse_ps ds, t>0, (10)
t
where By are defined in (9), and assume that B(0) < oco.

We will denote a conditional expectation provided by F. as E.
The above Lemma 1 gives the following formulae for the present value (2):

v oo vVL
V,=E, /pzﬂe_ptdt +(1-7) /erte_ptdt ) / Ry, e "tdt
0 v v
L /L

— 1 [B(0)—yB(1)]44AL D(v), where D(v)= / / dyds | e~rdt.(11)

vAL \1
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Optimal investment timing

So, the above assumptions and formulas shows that investment timing prob-
lem (3) is reduced to optimal stopping problem for bivariate geometric Brow-
nian motion and linear reward function (general theory of optimal stopping
problems one can see, e.g., in [12], [13]). Indeed,

L
K,=L[F+X1-F)/p|], where F = / dyePtdt, (12)
0
VK, = m,[B(0) ~ 7B — L [F 4 X1 F)/p—+AD()] . (13)

Let 3 be a positive root of the quadratic equation

1.

5 2B(B—1)+ (1 —a2)B — (p— az) =0, (14)
where 62 = (01 — 091)% + 03, > 0 (since 92 > 0) is a “total” volatility of
investment project. It is easy to see that 8 > 1 whenever p > max(a1, as).

The following theorem characterizes completely an optimal investment
time.

Theorem 1. Let the processes of profits and required investments be de-
scribed by relations (4)—(7). Assume that p > max (a1, ae) and the following
condition is satisfied:

1 1
a — 505 > g — 5(051 + 03,).

Then the optimal investment time for the problem (3) is
T =min{t > 0: m > 7" L}, (15)

where
B F+A1-F)/p—AD(v)
B—1 B(0)—yB(v) ’

and B(-), D(-), F are defined at (10), (11), (12) respectively.

=7, A) = (16)

Formula of the type (15)—(16) for the difference of two geometric Brownian
motions was first derived, probably, by McDonald and Siegel [9]. But rigorous
proof and precise conditions for its validity appeared a decade later in [7]. Tt
can also be immediately deduced from general results on optimal stopping
for two-dimensional geometric Brownian motion and homogeneous reward
function (e.g., [2]).

In order to avoid the trivial moment of investment 7% = 0, we will further
suppose that the initial values of the processes satisfy the relation my < 7* 1.

The optimal investment level p* characterizes the time when an investor
accepts the project and makes investment. A decrease in p* implies earlier



8 Vadim Arkin and Alexander Slastnikov

investment time, and, on the contrary, an increase in p* leads to a delayed
investment.

Knowing the optimal investment rule, one can derive the expected net
present value N* = E(V,» — K,+) e ?"" under the optimal behavior of po-
tential investor. Using the standard technique for boundary value problems
(Feynman-Kac formula — see, e.g., [11, Ch.9]), or results on homogeneous
functionals of two-dimensional geometric Brownian motion ([2]), one can ob-
tain the following formula.

Corollary 1. Under assumptions of Theorem 1
N* = N*(v,\) = C[B(0) —yBW)) [F+A(1-F)/p—ADw)]' ", (17)

where C' = (m0/B)"[Io/(8 — 1)]' 7.

3 Compensation of interest rates by tax holidays

Now we formulate a problem of compensation of high-level interest rates by
tax exemptions.

The question is: can one choose such a duration of tax holidays v that given
index M (related to the investment project) under high interest credit rate
A will be greater (not less) than those index under “the reference” interest
rate A9 and without tax holidays:

M(v,N) > M(0, \g) for some v > 0.

We consider the following indices :

1) optimal investment level 7*, that defines the time when an investor accepts
the project and makes investment;
2) optimal NPV of the investor N*.

As the reference interest rate we take the limit rate A9 = Ay, which is
deducted in profit tax base.

The assumption about an increasing (in interest rate) total payments on
credit and explicit formulas (16)-(17) imply that the above indices are mono-
tone in A. Namely, the optimal investment level 7* increases, and the optimal
NPV of the investor N* decreases. Therefore, it makes sense to consider a
compensation problem only for A > .

Compensation in terms of optimal investment level

Let us begin with optimal investment level 7 = (v, \).
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We say that interest rate A can be compensated (in terms of optimal
investment level) by tax holidays, if 7*(v, A\) < 7*(0, \g) for some duration
of tax holidays v > 0, i.e. in other words, if

iI;% 7 (v, A) < 77(0, Ag). (18)

Since a decrease in 7* implies earlier investment time (for any random
event), then a possibility to compensate in terms of optimal investment level
can be interpreted as a possibility to increase investment activity in real
sector. This situation is attractive for the State.

Let us denote K = K(\) = F + A(1 — F)/p, where F is specified in (12) —
the total discounted payments on credit per unit of investment (or, the same,
per unit of credit).

Further, we assume that profits parameters B; (defined in (9)) are such
that B, is differentiable increasing in ¢ function. This assumption means that
expected profit from the firm (after investment) grows in time, and allows to
avoid some unessential technical difficulties.

The following result is the criterion for the compensation in terms of op-
timal investment level.

Theorem 2. The interest rate A can be compensated (in terms of optimal
investment level) by tax holidays if and only if X < A1, where A1 is a unique
root of the equation

(L =7KQ) = K(Xo) = vro(1 = Fo)/p, (19)

L
and Fy = dt()\o)e_ptdt corresponds to the repayment schedule with inter-

0
est rate \g.

In other words, there is a “critical” value of interest rate (A;) such that if
interest rate is greater than this value, it can not be compensated (in terms
of optimal investment level) by any tax holidays. Note that the “limiting”
interest rate A = A1 can be compensated only by tax holidays with infinite
duration.

L
Proof. Let us denote r; = / dsds. From (16) we have
t

dr* B —ADWB0)~yBW) + [K—ADW)B ()
A1 BO) 1B
B AnIB(0)1BW) — [K—AD()B,
B [B(0)—BW)P (20

As one can see from the latter formula, the optimal investment level is not
in general monotone in v. The sign of its derivative is completely defined by
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the function Q(v) = Ar,[B(0)—yB(v)] — [K—yAD(v)]B,. Then
Q' (v) = Mr, [B(0)=yB(v)]~r,yB'(v)}~[K~yAD(v)| B, +vAB, D' (v)

( (

= M—d,[B(0)—yB(v)|+r,yB,e **}~[K —yAD(v)| B, —yAB,r,e "
= —Ady[B(0)~yB(v)] = B,[K—yAD(v)] < 0 (21)

7'('* *
due to assumption Bj > 0. Hence, if — < 0 for some v = vy then

<0

for all v > 14. Since r, = 0 for v > L then (20) implies that 7* decreases
in v for enough large v. So, the function 7* is either decreasing or having a
unique maximum (in v).

Therefore, applying formula (16) for optimal investment level and inequal-
ity 7*(0,A) > 7*(0, Ag) for A > Ao, we have that relation (18) holds if and
only if

==

B EW
5-1 B0

L L L
DO:/ (/ dsds> e Pidt = (1 7/ dteptdt> /p
0 t 0

and d; = d;(\g) corresponds to repayment schedule with interest rate \g.
Now, the statement of Theorem 2 follows from (22).

B K(d)—1hD(0)
F-1 (1-7B0)

(00, A) = (0, A0) = (22)

~

where

In most cases the “critical” value A; can be derived explicitly.

Corollary 2. Let schedule of the principal repayments in credit do not depend
on interest rate. Then the interest rate \ can be compensated (in terms of
optimal investment level) by tax holidays if and only if A < A1, where

¥ F

AL =X+ pﬁ 1_F (23)

Proof. The corollary immediately follows from (19) and formula for K () (cf.
(1)) : \
KMN=F+—-(1-F).
p

Compensation in terms of optimal investor’s NPV

Now let us consider an optimal investor’s NPV N* = N*(v, A).

We say that interest rate A\ can be compensated (in terms of optimal
investor’s NPV) by tax holidays, if N*(v,\) > N*(0, o) for some duration
of tax holidays v > 0, i.e.
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sup N* (v, A) > N*(0, \g). (24)
v>0
An increase of N* means a growth of expected investor’s revenue, therefore
a possibility to compensate in terms of optimal investor’s NPV is linked to
investment attraction for the investor.
The following result is similar to Theorem 2 above.

Theorem 3. The interest rate A can be compensated (in terms of optimal
investor’s NPV) by tax holidays if and only if A < Ao, where Ay is a unique
root of the equation

(1 =) BF=DKN) = K(Xo) — vAo(1 — Fo)/p, (25)

L
Fy = di(No)e Ptdt corresponds to the repayment schedule with interest

0
rate \g, and B is a positive root of the equation (14).

Proof. The proof of Theorem 3 follows the general scheme of the proof of
Theorem 2.
From formula (17) for the optimal investor’s NPV we have

dN*
dv

= C{=1B[B(0)=yBW)]" ' B'W)[K—yAD()]"~"

= (1= BAB(0)—yB(v)|’[K—AD(v)] "D’ (v) }

= e " [B(0)—yB(@)]" ! [K—7AD(v)]*S(v)

% {BB[K—yAD(v)] — (8 — V[BO)—yB(W)]Ar, }.

where S(v) = —BQ(v) + [B(0)—yB(v)]\r,, and Q(v) is defined in the proof

of Theorem 2.
Using (21) we have

§'(v) = =pQ'(v) + Mri[B0)=yBW)] - v, B'(v)}
= —BQ (v) + M {—dy[B(0)=yB(v)] + yr,B,e ™"}
= (B = 1)Ady[B(0)~vB(v)] + BB, [K~yAD(v)] + 7y Bye ™™ > 0.

Using arguments, similar to those in the proof of Theorem 2, we get that
the function N* is either increasing or having a unique minimum (in v).

Therefore, like above we can conclude that relation (24) holds if and only
if N*(o0,A) > N*(0, Ag), or

CIBO)PIKWN]' 7 = C(1 = 7)P[B(0))°[K (Ao) = ¥AoDo] ™7, (26)

where Dy = (1 — Fy)/p corresponds to the repayment schedule with interest
rate A\g. This implies the statement of Theorem.
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Similar to the previous case of a compensation in terms of optimal invest-
ment level, the “critical” value Ay can be derived explicitly for the case when
the principal repayments do not depend on interest rate.

Corollary 3. Let schedule of the principal repayments does not depend on
interest rate. Then the credit rate X\ can be compensated (in terms of optimal
investor’s NPV) by tax holidays if and only if A < Ay, where

F
Ay = No(1—7) P 4 P F [(1 — )R/ 1} : (27)

4 Concluding remarks

1. It will be interest to compare the obtained the “critical” interest rates A;
and A2 which give limits for the compensation (in relevant terms).

As Theorems 2 and 3 show, the bound A; is a root of the equation K(\) =
K/(1—7), and Xz is a root of the equation K(\) = K /(1 —~)%/(F=1  where
K = K()\o) — yA\oD(0). Since the function K ()) increases, then Ay > A;.

This fact means that interest rates A < A; can be compensated by tax
holidays both in terms of optimal investment level and in terms of investor’s
NPV. The opposite is not valid, in general, i.e. compensation in terms of
NPV does not always imply compensation in terms of investment level, and
therefore growth of investment activity.

2. Note, that the critical bound for compensation in terms of investor’s
NPV Xy depends (in contrast to the bound A;) on the parameters of the
project but only through the value B (a positive root of the equation
0.5628(8—1)+(a1—a2)B—(p—a2)=0). As a consequence, if volatility of the
project o increases then the bound of compensation (in terms of NPV) Ay
will be increase also.

3. Usually, it is assumed the reduction in the refinancing (basic) rate Ayef
is a positive factor for a revival of investment activity in real sector. But this
differs from the conclusions of our model.

Indeed, if tax holidays are trivial (v = 0), then optimal investment level

B FHM1=F)p ' —71.8).£D(0)
g-1 B(0)(1—y)

decreases in Apef. So, 7" raises and, hence, investment activity (earlier investor
entry) falls when A.o diminishes.

Similarly, optimal investor’s NPV increases in Ao, and therefore decreas-
ing refinancing rate A,of de-stimulates investor.

As calculations show when the refinancing rate Ayef falls to 2 times (from
the current value of 8%) the optimal investment level grows and optimal
investor’s NPV declines up to 20%.

T =7 (Aref) =
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4. We performed a number of calculations with “reasonable” (for Russian
economy) data. Namely, we put tax burden v ~ 40%, discount rate p ~ 10%,
credits with period L & 10 (years) and fixed-principal repayment schedule,
Ao = 1.8 X (refinancing rate CB of Russia) = 13.95%. Typical characteristics
of profits and investment cost gave that “aggregated” parameter ( lies in the
interval between 3 and 8.

Then, the received estimations for “critical” compensation bounds were
the following: Ay = 25-30%, Ay ~ 30-40%, that seems to be not extremely
high (especially, for the current economic situation in Russia).
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