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Abstract12

This paper considers a firm’s investment decision in a market environment with stochastic evolution13

of the (inverse) demand, where the investment is financed by borrowing. The lender has market power,14

generating a capital market inefficiency. The investment decision of the firm involves to determine the15

timing and the capacity level given a coupon rate schedule offered by the lender. It is shown that a16

double marginalization effect arises in the sense that the lender’s market power results in a considerably17

smaller investment compared to internal financing, while the timing of the investment stays the same.18

Introducing the bankruptcy option mitigates the double marginalization effect. In particular the firm’s19

investment size is increasing in the costs the lender faces when taking over a bankrupt firm’s capital, albeit20

at the expense of an investment delay. For initial conditions in the stopping region welfare increases with21

increasing bankruptcy costs, whereas for initial conditions in the continuation region an inverse U-shaped22

dependence might arise.23
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1 Introduction27

Firm’s innovation investment needs financing. When a firm is already operating in the market, investment28

can be financed internally (Chandy and Tellis, 2000). However, for a startup firm, investment has to be29

financed externally via bank loans or the capital market. Startups usually lack stable cash flows or collaterals,30

but rely greatly on intangible resources (Hall, 2002). Thus, firm’s innovation activities are sensitive to the31

availability of capital (Cerqueiro et al., 2017). In some countries there exist loan guarantee programs to ease32

the access to financial resources (Minniti, 2008), e.g., Italian Startup Act (Giraudo et al., 2019). Venture33
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capital is another important financing resource for startups (see e.g., Kortum and Lerner (2000)). The34

difference between these two financing sources is that venture capital appreciates the high-risk projects with35

high returns, whereas the bank lender appreciates the startups with a steady and foreseeable growth path36

(Giraudo et al., 2019). Financing the innovation investment requires not only capital but also a willingness37

to fail (Nanda and Rhodes-Kropf, 2013). Hall and Woodward (2010) report in their sample about 50% of38

startups had zero-value exits. Many factors can lead to the startup failure, e.g., less capital, less brand39

presence, fewer strategic alliances and so on (Freeman and Engel, 2007). Apart from these factors, the40

market uncertainty has direct impact on the profitability of the firm and thus influences the firm’s survival.41

Incorporating the corporate finance aspects into an industrial organization model, this paper studies in a42

dynamic economic setting how the potential bankruptcy of a startup firm influences the strategic interactions43

between the startup firm and its debt holder in terms of coupon rate, the investment timing and size, and also44

the welfare effect. More specifically, this paper considers that a startup firm approaches a creditor/lender45

for capital to carry out innovation investment. After the investment, for the event of bankruptcy, the firm46

decides the optimal timing of default and the corresponding scrap value transfers to the debt holder.47

This paper builds on the vast literature that uses real options framework to study investment decisions48

(Dixit and Pindyck, 1994). Some outstanding examples include Pindyck (1988), who develops a model with49

irreversible investment and capacity choice, Huisman and Kort (2015) extend the monopoly model to a50

duopoly setting and investigate the deterrence and accommodation interactions between firms. The tradi-51

tional real options literature based on all equity financing has been extended to settings with debt financing.52

The extension have relied on numerical procedures to draw out the relationship between optimal investment53

and financing decisions (see e.g., Mello and Parsons (1992); Hennessy and Whited (2005); Sundaresan and54

Wang (2007); Pawlina (2010)).55

For a given size of investment, several literature shows that risky debts accelerates the investment timing.56

The basic intuition is that a higher debt level increases the probability of future default, so the risky debt57

reduces the value of the option to wait and thus accelerate the investment (Boyle and Guthrie, 2003). This58

intuition is supported by Mauer and Sarkar (2005), who study the impact of stockholder-debtholder conflict59

on the timing to exercise the investment. They assume the equity holders issue debt to finance investment60

and they have an incentive to exercise early, i.e., to issue debts at a time when it is riskier and the market61

price is lower. Lyandres and Zhdanov (2010) also find that in the absence of wealth expropriation by a levered62

firm’s debt holders, its shareholders exercise their investment options earlier. By incorporating the size of63

investment, Sarkar (2011) finds that the effect of debt financing on investment depends on the amount of debt64

used: The optimal amount of debt financing results in delayed but larger investment. Similarly, Lukas and65

Thiergart (2019) also find that levered firms invest more than unlevered firms, and their optimal investment66

threshold can also be higher than that of their unlevered counterpart. Some other literature considers the67

impact of the capital structure on dynamic investment. For instance, under the debt constraint with an68

upper limit of the debt issuance, Shibata and Nishihara (2015) show that firms are more likely to issue69

market debts than bank debts when the debt constraint increases; Shibata and Nishihara (2018) find the70

debt constraint does not always delay investment or affect the investment quantity, but may change the71

capital structure during financial distress. The difference between our research and the existing literature is72

that we consider the outside lender has its own preference on the investment, i.e., timing and size, and can73

influence the firm’s investment decision. In particular, the lender can charge a significantly large coupon74

rate to stop the firm’s access to capital. Then the firm’s investment decision in our model depends on the75

perfection of the capital market, i.e., the market power of the lender.76

The market power of the lender, especially for firms that rely on bank debts, has been well recognized in77

literature. Rajan (1992) finds that bank debt has more incentive to monitor the borrower, and the private78
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information that the bank gains through monitoring allows it to “hold up” the borrower, i.e., if a borrower79

seeks to switch banks, it may be deemed as a “lemon” regardless of its true financial condition. So the80

bank can hold up borrowers for higher interest rates. Hale and Santos (2009) and Santos and Winton81

(2008) provide empirical evidence that the bank lends at lower interest rates when firms have access to the82

public bond market. Schenone (2009) supports that the information asymmetry grants the lending banks83

an information monopoly compared with prospective lenders. Schwert (2020) finds also empirically that84

banks earn a large premium relative to the bond-implied credit spread, and questions about the nature of85

competition in the loan market. Petersen and Rajan (1995) find that, although banks charge higher when86

they have monopoly power, they also extend loans to riskier young firms because their future rents on the87

survivors make up for the additional failures. Our model in the frame of real options offers more insight88

about the impact of the monopoly power on the charged loans. When lending is an option for the lender,89

the ratio of “debt price” to “risk free interest rate”, i.e., Tobin’s q, exceeds unity 1.90

Moreover, we find by comparing to the without financial constraint scenario that, not only the investment91

becomes more costly, but the investment is also less 2. This indicates a double marginalization effect. The92

well-known double marginalization effect arises when two firms that are different levels of supply chain, have93

market power and apply a mark-up to their prices. There is abundant literature on double marginalization,94

see e.g., Rochet and Tirole (2003, 2004) and Weyl (2010) for the double marginalization in two-sided markets,95

and Liu et al. (2007) and Li et al. (2014) for the double marginalization in supply chains. In our analogous96

financing model, the bank as supplier “Upstream” provides capital at the cost of risk-free interest rate and97

sets a price as coupon rate/lending rate to a monopolistic product producer “Downstream”. Downstream98

uses capital and charges consumer at a monopolistic price for the final product. Thus, we can characterize99

capital as the intermediate input. To the best of our knowledge, this paper is the first to look at double100

marginalization from a financial perspective. Previous research work, such as Roy et al. (2019) and Desai101

et al. (2010), considers a two-stage setting and in each stage the upstream firm produces and sells to retailer102

and then retailer sells to customers. Anand et al. (2008) argues that as the number of periods increases,103

the qualitative results from two-period model still hold. Our dynamic setting allows to insight about the104

influence on timing by both players’ market power. Double marginalization in our financial constraint model105

does not influence the timing of investment, but halves the investment capacity, i.e., the final product’s106

market price doubles after the investment. Without financial constraint as in the traditional real options107

literature, the upstream and downstream can be considered vertically integrated and there is no double108

marginalization influence.109

This paper first considers the firm and the lender’s optimal decisions in imperfect capital market, i.e.,110

the lender exerts market power. More specifically, the lender’s optimal coupon rate (price to lend) scheme,111

and the firm’s investment timing and capacity for without bankruptcy and with bankruptcy are derived. It112

comes up in our analysis that the lender has its own preferences about the investment decisions. If the firm113

approaches the lender prior to its preferred timing, the lender can set sufficiently high coupon rates such114

that the investment is temporarily delayed. If the firm approaches the lender within the range of lender’s115

preferred time interval, then investment happens immediately. This has resemblance to the Stackelberg116

leader’s accommodation strategy as by Huisman and Kort (2015). The interaction also works the other way117

around. When the lender prefers early investment and charges less for lending, it is possible that the firm118

1 Tobin’s q is defined as the ratio of “the value of existing capital goods, or of titles to them” to “their current reproduction

cost”. When q > 1, the firm can increase its market value by increasing its capital stock, so a firm should invest. Otherwise,

the firm does not invest. In a real options framework, q is larger than 1, reflecting the market value of existing asset (the

numerator in q) should be the difference between the project value and the option value, see e.g., Dixit and Pindyck (1994).
2 Without financial constraint implies that the firm can either finance through its own capital as in the traditional real

options framework, or there is no market power of the lender, i.e., no “hold up” by the bank.
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still waits to invest according to its own optimal decision.119

Our analysis on the bankruptcy reveals that the influence of bankruptcy on investment is non-monotonic,120

and it depends on the interaction between the firm and the lender. When the bankruptcy costs are small, the121

firm’s preference dominates and both the investment timing and size decrease with the bankruptcy costs.122

When the bankruptcy costs are large, the lender’s preference dominates and both the investment timing123

and size increases with bankruptcy costs. Our result differs from previous research such as Sarkar (2011)124

and Lukas and Thiergart (2019) that the levered firm invests later but more. This is because they focus on125

the capital structure, i.e., only part of the investment is financed by debt, and they also assume a constant126

coupon rate as Leland (1994). Furthermore, the welfare analysis indicates that financial constraint decreases127

the total welfare.128

The structure of this paper is organized as follows. Section 2 builds up the model and formulates the129

problem for the firm and the lender. Section 3 derives the optimal decisions for both the firm and the lender,130

and carries out numerical analysis on the influence of bankruptcy and market uncertainty on the optimal131

decisions. Section 4 conducts a robustness analysis and compares with that the lender has no market power.132

Section 5 concludes.133

2 Model134

Consider the situation of a risk-neutral value-maximizing monopolist that has the option to enter a new135

market through undertaking investment and a (private) lender that has the opportunity to provide external136

financing to the firm. Assuming that the firm has no equity, it fully relies on debt to finance the investment.137

The debt structure considered in this paper takes the form of coupon payments by the firm to the lender138

in exchange for a lump-sum amount upon investment that covers the cost of investment. Coupon payments139

are incurred after investment and ex-ante the firm is assumed to hold a perpetual American-style option to140

issue debt and undertake investment. Moreover, we assume that the lender has the opportunity to provide141

funds, but is not obliged.142

When making the investment decision, the firm has to decide when and how much to invest, where the143

latter relates to the production capacity. The lender decides on the coupon rate to be charged. For a144

stipulatory coupon rate, the firm has to repay the coupon to the lender, until the firm defaults. In case the145

firm defaults the lender receives a scrap value corresponding to a certain proportion of the firm value at the146

time of default.147

Market Environment Denote by I the scale of investment by the firm. The market is characterized by148

the inverse demand function that reads,149

p(t) = x(t)(1− ηI), with dx(t) = µx(t)dt+ σx(t)dω(t).

Here, p(t) denotes the market-clearing price, η > 0 denotes the price sensitivity parameter, and x(t) is an150

exogenous shock process. The process (x(t))t≥0 follows a geometric Brownian motion with trend µ and151

volatility parameter σ. The term dω(t) represents the increment of a Wiener process with expected value152

0, standard deviation
√
t, and has the property that (dω(t))2 = dt. Denote the corresponding probability153

measure by P and let Et be the associated conditional expectation operator E[·|Fxt ], t ≥ 0, where (Fxt )t≥0154

is the natural filtration of state process. Further, denote by X the initial value of the state process, i.e.,155

X = x(0).156

The opportunity cost for the lender of the funds provided to the firm is linear in the scale of investment157

where δ is the unit investment cost, i.e. the total cost of investment equals δI. They encompass the total158
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investment cost. Denote by ρ the coupon rate so that instantaneous profits, after investment has been159

undertaken, are given by160

π(x(t), I; ρ) = Ix(t)(1− ηI)− ρδI,

for t ≥ 0. Discounting is done under fixed rate r, where we make the usual assumption that r > µ to ensure161

that investment is undertaken in finite time.162

Equilibrium Concept This paper considers a Markov Perfect Equilibrium for a Stackelberg-like frame-163

work. At t = 0 the lender offers a scheme ρ(x) for x ≥ 0 determining the coupon rate if the firm invests164

at a value x of the state. The lender stays committed to this scheme throughout the game, making it the165

Stackelberg leader. The firm takes this scheme into account when subsequently deciding on the timing and166

scale of investment.167

Problem of the Firm Once investment is undertaken, the firm is assumed to operate until it defaults.168

We assume during this period an immediate-investment-inducing coupon scheme. In line with the literature169

(see, e.g., Leland (1994)), bankruptcy is modeled as an stopping timing problem given by170

τB(X, I; ρ̃) = arg supτ≥0E0

∫ τ

0

π(x(t), I; ρ̃)e−rtdt,

Here τB denotes the (stochastic) bankruptcy time, at an initial state x(0) = X, fixed investment I and171

the coupon rate ρ̃ fixed at the time of investment. Following, e.g., Dixit and Pindyck (1994), the optimal172

stopping problem will be written in terms of the state process. Then, the state space can be divided into two173

regions, for X > XB(I, ρ), for some XB(I, ρ), the firm remains active in the market and for X ≤ XB the174

firm defaults. Then, τB is given by the first hitting time τB(X, I; ρ̃) = inf{t | x(t) ≤ XB(I, ρ̃), x(0) = X}.175

Consequently, if investment is undertaken at some time τF , then the firm’s net present value is given by176

JF (x(0), ρ(·), τF , I) = E0

∫ τF+τB(x(τF ),I;ρ(x(τF )))

τF

e−rtπ(x(t), I; ρ(x(τF )))dt. (1)

Similarly, the optimal stopping problem will be written in terms of the state process, distinguishing a177

region where investment is optimal, the stopping region, denoted by S ⊆ [0,∞), and a region where it is178

optimal to delay investment, the continuation region. Without making any additional assumptions on the179

shape of the function ρ(·), strictly speaking it is not evident that the stopping region of the problem is180

given by an interval. 3 We proceed in our analysis by assuming that S = [X∗F (ρ(·)),∞) for some threshold181

X∗F (ρ(·)) > 0 and will later verify that this assumption is true for the optimal coupon scheme ρ∗(·) of the182

lender. Hence, for X < X∗F (ρ(·)) the firm optimally delays investment and for X ≥ X∗F (ρ(·)) it is optimal183

to immediately undertake investment.184

Given a scheme ρ(·), the firm’s investment problem is given by185

VF (x(0); ρ(·)) = sup
τF≥0,I≥0

JF (x(0), ρ(x(τF )), τF , I),

so that τF is the first time of X∗F . The scale of investment that follows from the solution to the optimization186

problem is denoted by I∗(x(τF ), ρ(x(τF )), where x(τF ) = X if τF = 0 and X∗F (ρ(·)) if τF > 0, or x(τF ) =187

max{X,X∗F (ρ(·))}.188

3 Dixit and Pindyck (1994), e.g., show that the state space can be split up into two consecutive regions for standard real

options problems giving the stopping region and continuation region in this fashion. For models where capacity choice is

explicitly modeled, their result is extended by Huberts et al. (2019). Using a verification theorem based on, e.g., Gozzi

and Russo (2006), optimality can be shown. This result however does not cover the case of a state-dependent coupon rate.
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Problem of the lender In our base model it is assumed that the capital market is imperfect, that is, the189

lender has market power. As such the lender sets a coupon scheme ρ(·) as to maximize its net present value.190

We consider a strategy of the following form, the optimality of which we will later verify. Let ρimm(X)191

denote the value maximizing coupon rate of the lender assuming immediate investment by the firm. Then,192

the coupon rate offered by the lender is given by193

ρ∗(X) =

ρimm(X) for all X ∈ D,

∞ for all X ∈ R+\D,

with D = [X∗D,∞) for some X∗D ≥ 0. For all X ∈ D and X ≥ X∗F (ρimm(X)), the value ρ̃ = ρimm(X) follows194

from the optimization problem195

sup
ρ̃
J̃D(X, ρ̃, I∗(X, ρ̃)), (2)

with196

J̃D(X, ρ̃, I) = E0

{∫ τB(X,I;ρ̃)

0

ρ̃δIe−rtdt+ (1− α)

∫ ∞
τB(X,I;ρ̃)

π(x(t), I; 0)e−rtdt− δI

}
.

The first integral term represents the coupon payment from the firm. The second integral term captures197

the scrap value taken over by the lender after the firm defaults. Upon bankruptcy, following the similar198

formulation as Miao (2005) and Nishihara and Shibata (2021), the lender receives a proportion 1− α of the199

firm value, i.e., the project is supposed to lose a proportion α ∈ (0, 1) of its value and the scrap value is200

transferred to the lender. In what follows we refer to α as the bankruptcy cost parameter.201

The equilibrium coupon schedule has to satisfy (2) for X ∈ D,X ≥ X∗F (ρimm(X)) because in a Markov202

Perfect Equilibrium the coupon rate ρ∗(X) must be value maximizing for the lender in any subgame with203

x(0) = X where the firm invests immediately. In light of the discussion above the strategy ρ∗(X) is fully204

characterized by the choice of the threshold XD and we can write the investment threshold of the firm as a205

function X∗F (XD) Using this notation the threshold X∗D can be found using the optimal stopping problem206

sup
XD:X∗

F (XD)≤XD

E0

[
e−rτD(XD)J̃D(XD, ρ

imm(XD), I∗(XD, ρ
imm(XD)))

]
,

with τD(X) = min[t ≥ 0 : x(t) ≥ X]. It should be noted that we do not need to consider the case207

X∗F (X∗D) < X∗D since ρ =∞ is never optimal for the firm.208

As a result, the value of the lender is given by209

VD(x(0)) = E0

[
e−rτD(X∗

D)J̃D(X∗D, ρ
imm(X∗D), I∗(X∗D, ρ

imm(X∗D)))
]
.

The timeline of our problem can be illustrated by the following figure.210

t

0

max{τF , τD} τB
Firm and lender share profits Lender takes over (1− α) of project

Firm invests I Firm defaults

Figure 1: Illustration of the time line for the model.
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3 Equilibrium Analysis and Economic Implications211

In this section we characterize the optimal decisions of the firm and the lender in a Markov Perfect Equi-212

librium (MPE) of the game. In order to gain additional intuition for the key mechanisms at work, we213

first consider a simplified version of the model where the firm does not have the bankruptcy option, i.e.214

after investment the firm is committed to pay the coupon rate perpetually. From this we can analyze the215

equilibrium scale and timing in isolation, without the effect of bankruptcy playing a part.216

3.1 No Bankruptcy Option217

We proceed in several steps. First, we determine the firm’s optimal choice of the investment scale for of given218

coupon rate ρ̃ under the assumption that x(t) is in the stopping region. Based on this we derive the optimal219

investment threshold X∗F of the firm. Different from a standard real option problem, different investment220

thresholds lead to different unit costs of investment because the coupon rate depends on the state x(t) at221

the time of investment. The lender then takes into account the firm’s optimal investment strategy and its222

dependence on the coupon scheme when determining the scheme ρ∗(·). Proceeding in this way results in the223

following proposition describing equilibrium behavior.224

Proposition 1 Assume that there is no bankruptcy option. Then, the lender’s optimal strategy is given by225

ρ∗(X) =


r(X+δ(r−µ))

2δ(r−µ) for all X ≥ β1+1
β1−1δ(r − µ),

∞ otherwise.
(3)

For X < X∗F the firm waits until the state process reaches X∗F to install capacity Iopt = I∗(X∗F , ρ
∗(X∗F )).

Then the firm will pay a coupon rate ρopt = ρ∗(X∗F ). The boundary of the stopping region for the firm, the

associated investment size and the coupon rate are given by

X∗F =
β1 + 1

β1 − 1
δ(r − µ),

Iopt =
1

2η(β1 + 1)
,

ρopt = r
β1

β1 − 1
> r (4)

with β1 > 1 is the larger root of 1
2σ

2β2 + (µ− 1
2σ

2)β− r = 0. For X ≥ X∗F the firm invests immediately and226

installs capacity I∗(X, ρ∗(X)) with a coupon rate ρ∗(X). The optimal investment is then given by227

I∗(X, ρ∗(X)) =
1

4η

(
1− δ(r − µ)

X

)
.

In (4), as standard in real option models, the term β1

β1−1 can be interpreted as a mark-up of the price,228

sometimes referred to as ‘wedge’ (see, e.g., Dixit and Pindyck (1994)), where β1 is fully related to the229

underlying state process.230

The proposition provides several important insights about the effects of the interplay between an lender231

and a firm, where both have market power. To interpret these insights it is useful to compare the outcome232

of this strategic interaction with the scenario where the firm can finance investments internally and hence233

faces unit investment costs of r, where again r is the risk-free interest rate. This problem has been analyzed234

in Huisman and Kort (2015). Interestingly, the threshold X∗F at which the firm invests is identical in both235

settings, however the size of the investment is only half in our framework with an endogenous coupon rate236
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compared to that under internal financing. This reduction of the investment size has clear negative welfare237

implications since it was shown in Huisman and Kort (2015) that even under internal financing the socially238

optimal investment level is twice as high as that chosen by the firm. The reason why the firm is investing less239

under external than under internal financing is that the coupon rate requested by the lender is above the risk240

free rate. Hence our result can be interpreted as an instance of the phenomenon of double marginalization241

in the sense that the exploitation of market power on two subsequent stages of the value chain leads to242

distortions that are more pronounced than those resulting under an integrated monopoly. Although the243

double marginalization phenomenon occurs in numerous supply chain studies, to our knowledge so far double244

marginalization has not been identified as an important factor in the framework of optimal investment under245

external financing.246

Compared to the case of internal financing, in which case only opportunity costs occur, the endogenous247

choice of the coupon rate in our model gives rise to two qualitative effects influencing the timing and size248

of the firm investment. First, the equilibrium coupon rate is larger than the risk free interest rate r and,249

second, by choosing the investment threshold X∗F the firm can influence the size of the coupon rate, which250

is an increasing function of X (see (3)). Concerning the first of these effects it can easily be derived that251

the optimal investment threshold under a fixed coupon rate ρ > r is increasing in ρ, whereas the optimal252

investment size is not affected. The second effect, driven by the market power of the lender, however gives253

the firm an incentive to accelerate the investment in order to keep the cost of investment low. Hence,254

contrary to standard double marginalization models, where the market power of the input supplier gives255

incentives for the final producer to reduce the quantity, here the market power of the credit supplier induces256

the firm to invest earlier and therefore to choose a smaller investment size. Overall, in our framework the two257

countervailing effects exactly cancel such that the timing of investment under external financing is identical258

to that under internal financing.259

It follows from (3) that the coupon rate in the stopping region is increasing in X, i.e., a higher willingness-260

to-pay by consumers (a shift in the demand curve) allows the lender to extract more rents from the market261

by charging the firm a higher coupon rate. (Assuming the firm is willing to investment for a given coupon262

rate for a given X, an increase in X with the same coupon rate will not change this willingness. Since the263

firm’s surplus increases, the lender is able to increase the coupon rate, i.e., the firm’s marginal cost, in order264

to maximize its NPV.)265

Considering the effect of market uncertainty on the coupon rate and the equilibrium investment pattern,266

we observe that for a given level of x(t) at the time of investment the coupon rate does not depend on σ (see267

(3)). This is very intuitive since the income stream of the lender does not depend on the evolution of market268

demand once the firm has invested for the scenario without bankruptcy. Nevertheless, increased uncertainty269

induces a larger coupon rate in equilibrium. This is due to the fact that the coupon rate is an increasing270

function of the value of x(t) at the time of investment, and a larger σ triggers a larger investment threshold,271

as is standard in real option models of this type, see Dixit and Pindyck (1994).272

As shown in the proof of Proposition 1, the value of the lender is given by

VD =


ρ∗(X)−r

r δI∗(X, ρ(X)) for all X ≥ X∗F ,(
X
X∗

F

)β1 ρ∗(X∗
F )−r
r δI∗(X∗F , ρ(X∗F )) for all X < X∗F ,

=


X

8η(r−µ)

(
1− δ(r−µ)

X

)2
for all X ≥ X∗F ,(

X
X∗

F

)β1
δ

2η(β2
1−1)

for all X < X∗F .

Since both ρ∗(X) and I∗(X, ρ∗(X)) are increasing in X, it is no surprise that VD is increasing in X in the273

stopping region: since the lender and the firm are sharing profits from the downstream market, a higher274

8
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willingness-to-pay by consumers upon investment results into a higher instantaneous cash-inflow for the275

lender. Without the bankruptcy option, the net result of X on VD on the net present value is hence positive.276

Welfare generated is given by

W =


X
r−µ (I∗(X)− η

2 (I∗(X))2)− δI∗(X) for all X ≥ X∗,(
X
X∗

F

)β1
(
X∗

F

r−µ (I∗(X∗F )− η
2 (I∗(X∗F ))2)− δIopt

)
for all X < X∗.

=


X
r−µ

7
32η

(
1− δ(r−µ)

X

)2
for all X ≥ X∗,(

X
X∗

F

)β1
7δ

8η(β2
1−1)

for all X < X∗.

3.2 Bankruptcy Option277

We now consider the full problem with a bankruptcy option for the firm, as described in Section 2. More278

precisely, we first treat the problem of the firm to choose a stopping region S, an investment schedule I(·)279

and a bankruptcy threshold XB in order to maximize its expected payoff given in (1) for a given coupon280

scheme ρ(·). Then we determine the optimal coupon scheme to be offered by the lender.281

Before solving the firm’s investment problem, we consider the firm’s exit option, which is only active once282

the firm has invested. After investment, the market demand evolves stochastically, and x(t) reaches X∗B(I, ρ)283

for the first time at τB(X, I; ρ). The value of the firm at X∗B(I, ρ) is zero and it no longer pays coupons to284

the lender. The firm exercises the bankruptcy option at the threshold characterized as follows.285

Lemma 1 The default threshold for a given coupon rate ρ̃ and capacity size Ĩ is equal to286

X∗B(Ĩ , ρ̃) =
β2

β2 − 1

ρ̃δ

r

r − µ
1− ηĨ

. (5)

Here, β2 < 0 is the smaller root of 1
2σ

2β2 + (µ− 1
2σ

2)β − r = 0.287

The bankruptcy threshold in Lemma 1 implies that, for a given investment size Ĩ, X∗B(Ĩ , ρ̃) increases with288

ρ̃. Because x(t) reaches this trigger from above after investment, an increased X∗B(Ĩ , ρ̃) is reached sooner.289

So a larger coupon rate makes it more likely for the firm to default up to a given point in time. Similarly,290

for a given coupon rate ρ̃, an increase in the capacity size also leads to a higher exit trigger. Intuitively,291

these results can be explained by noting that the future coupon payments increase in a linear way both with292

respect to ρ̃ and Ĩ, whereas market revenues are constant in ρ̃ and concave in Ĩ. Hence, a larger value of ρ̃293

respectively Ĩ implies that a larger value of x(t) is needed to compensate the higher coupon payments.294

3.2.1 Firm’s investment decision295

For a given X ∈ S and ρ̃ = ρ(X), the firm’s investment capacity follows from296

sup
I

E0

∫ τB(X,I;ρ̃)

0

exp (−rt)
(
x(t)(1− ηI)I − ρ̃δI

)
dt

= sup
I

I(1− ηI)

r − µ

(
X −

(
X

X∗B(I, ρ̃)

)β2

X∗B(I, ρ̃)

)
− ρ̃

r
δI

(
1−

(
X

X∗B(I, ρ̃)

)β2
)
,

(6)

Taking the derivative of (6) with respect to I yields that I∗(X, ρ̃) satisfies297 (
−rX

β2(r − µ)ρ̃δ

)β2

=

(
ρ̃δ

r
− X(1− 2ηI)

r − µ

)
r

ρ̃δ

((1− β2)(1− ηI))1−β2

1− (β2 + 1)ηI
. (7)

9



External Financing and Double Marginalization Preliminary draft: Please do not cite or circulate

Since 1
2η is the monopoly quantity on the market without taking into account any investment costs, the298

optimal investment level must satisfy I ∈
[
0, 1

2η

]
. In order to establish conditions under which equation (7)299

has a solution in this interval, we first observe that the left hand side of the equation is independent of I and300

positive. Furthermore, for I = 0 the right hand side is negative, and for I = 1
2η the right hand side is larger301

than or equal to the left hand side. This shows that a positive optimal investment level exists for sufficiently302

large values of X. The next step is to determine the stopping region. Relying on our analysis in the previous303

section we again assume that this region is of the form S = [X∗F ,∞) such that the firm invests immediately304

for X ≥ X∗F . Proposition 2 summarizes the firm’s investment decision for a given coupon scheme ρ(·) with305

[X∗F ,∞) ⊆ D.306

Proposition 2 Assume that S = [X∗F ,∞) ⊆ D and ρ(·) is differentiable on D. Then for X < X∗F the firm307

optimally delays investment till the threshold X∗F is reached and then invests I∗, where {X∗F , I∗} satisfies308

β1I(1− ηI)

r − µ

(
X −

(
X

XB(I, ρ(X))

)β2

XB(I, ρ(X))

)
− β1ρ(X)

r
δI

(
1−

(
X

XB(I, ρ(X))

)β2
)

+
δI

r(β2 − 1)

(
β2ρ(X)−X(β2 − 1)

dρ(X)

dX

)(
rX(β2 − 1)(1− ηI)

β2δ(r − µ)ρ(X)

)β2

− I(1− ηI)X

r − µ
+
δIX

r

dρ(X)

dX
= 0

(8)

and (7). For X ≥ X∗F the firm invests immediately with investment size determined by (7).309

3.2.2 Lender’s coupon scheme310

After the firm’s investment, the lender starts receiving coupon payment until τB , and (reduced) profits after-311

wards. Since we consider MPE strategies, for any X ∈ S∩D, where the firm invests immediately, the coupon312

rate ρ̃ = ρ∗(X) has to maximize the lender’s expected payoff and therefore solves the optimization problem313

(2), where I∗(X, ρ) satisfies the equation (7). Based on this we can provide the following characterization314

of the optimal coupon scheme.315

Proposition 3 For any X ∈ S∩D the coupon rate ρ̃ = ρ∗(X) under the equilibrium coupon scheme satisfies316

317

(1− αβ2)

(
rX
(
1− ηI∗(X, ρ̃)

)
(β2 − 1)

β2(r − µ)ρ̃δ

)β2
(
I∗(X, ρ̃) +

ρ̃
(
1− ηI∗(X, ρ̃)(1 + β2)

)
(1− β2)

(
1− ηI∗(X, ρ̃)

) ∂I∗
∂ρ

)

−I∗(X, ρ̃)− (ρ̃− r)∂I
∗

∂ρ
= 0.

(9)

Although intuition might suggest that also in the case with bankruptcy the equilibrium coupon scheme as318

well as the lender’s value function VD are increasing with respect to X on S∩D this is less clear cut if the firm319

has the option to default. The reason is that an increase in X induces an increase of the firm’s investment320

size (for a given value of the coupon rate). This has several implications for VD. First, it increases the coupon321

payments the lender receives till τB . Second, it increases the bankruptcy threshold, reducing the expected322

time till bankruptcy, which has a negative implication for the lender. Third, the size of the lender’s loss in323

case the firm defaults increases with the size of investment. The interplay of these effects makes it difficult to324

establish monotonicity of the lender’s value function and of the coupon scheme. This ambiguity is reflected325

in the degree of complexity of expression (9), which prevents an analytical proof of the monotonicity of ρ∗(·).326

In light of this, it is also not possible to establish analytically that the stopping region of the lender or of327

10
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the firm has the usual threshold structure as in the previous section. However, our numerical analysis below328

indicates that also in the presence of the bankruptcy option the optimal investment strategy and coupon329

scheme are characterized by (unique) thresholds. In such a scenario the optimal investment threshold arising330

in equilibrium can be described as follows.331

Proposition 4 Assume that D = [X∗D,∞). Then there is an MPE such that X∗F = X∗D = max{X̃F , X̃D},332

where X̃F solves (8) with ρ = ρ∗ as given in (9) and X̃D solves333

(1− αβ2)ρ∗(X)

(
rX(β2 − 1) (1− ηI∗(X, ρ∗(X)))

β2δ(r − µ)ρ∗(X)

)β2
((

1− (β2 + 1)ηI∗(X, ρ∗(X))
)
X

(β2 − 1)
(
1− ηI∗(X, ρ∗(X))

) ∂I∗

∂X

+
β2 − β1
β2 − 1

I∗(X, ρ∗(X))

)
− (ρ∗(X)− r)

(
β1I
∗(X, ρ∗(X))−X∂I∗

∂X

)
= 0,

(10)

with ρ∗(X) as given by (9).334

3.3 Numerical Analysis335

The characterization of MPE provided in Propositions 2 - 4 unfortunately does not allow for a closed form336

representation of the firm’s equilibrium investment strategy and the lender’s coupon scheme. Therefore, in337

this section we resort to numerical analysis to gain insights about the effect of key parameters on investment.338

In particular, we will analyze the outcomes of the model with bankruptcy option, labeled as BO, and contrast339

them with the model without bankruptcy option, labeled as NBO.340

3.3.1 Effect of bankruptcy cost α341

Let us first focus on the direct effect of α. This parameter determines the fraction of the value of firm342

that is lost when upon bankruptcy the lender takes over the firm. Hence, α determines the loss of project343

value for the lender in case the firm defaults. We start our analysis by considering the implications of a344

change in α for the optimal choice of the coupon rate in the stopping region. In Figure 2(a) we show ρ∗(X)345

for an interval of X-values, X ∈ S, in the stopping region and for different values of α as well as for the346

case without bankruptcy option (model NBO). The figure confirms that also in the model with bankruptcy347

option the optimal coupon scheme is an increasing function of X. In addition, it demonstrates, that for a348

given value of X the coupon rate under α = 0 is higher than that in the NBO case. Furthermore the coupon349

goes down if α is increased and for high bankruptcy costs (α = 1) the coupon rate in the BO model is lower350

than that under NBO.4 To explain these observations first note that the existence of a bankruptcy option351

induces the firm to invest more, since it can avoid the losses in case of a negative development of demand352

(see also Figure 3b below). However, the lender now covers this risk and hence wants the firm to invest less353

compared to the NBO case. This generates an incentive for the lender to offer a higher coupon rate, thereby354

reducing the firm’s investment size. Second in the BO scenario the choice of the coupon rate also affects355

the bankruptcy trigger for the firm, directly and indirectly through the firm’s optimal investment size. As356

is shown in Figure 2(b) a larger coupon rate actually implies a larger bankruptcy trigger, meaning that the357

firm will default sooner. Due to this effect there emerges an incentive for the lender to lower the coupon rate358

and this incentive is larger the larger is the bankruptcy loss parameter α. This explains why for a sufficiently359

large value of α the lender’s optimal coupon rate is not only lower than that for α = 0 but also lower than360

the rate in the NBO scenario.361

4 Depicting ρ∗(X) for a given value of X in the stopping region and continuous variation of α ∈ [0, 1] shows a decreasing

shape with respect to α in the entire interval.
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(a) Optimal coupon scheme for α = 0 (solid),

α = 1 (dotted) and for the NBO scenario

(dashed)
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(b) Bankruptcy trigger X∗
B(I∗(X), ρ∗(X)) for

X = 6.
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(c) Optimal investment size for α = 0 (solid),

α = 1 (dotted) and for the NBO scenario

(dashed)

Figure 2: Effect of α.

µ = 0.02, r = 0.1, σ = 0.05, δ = 40, and η = 0.02.
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X
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(a) Equilibrium investment threshold X∗ =

max{X̃D, X̃F } for the scenarios with (solid line)

and without (dashed line) bankruptcy option.
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4.8
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I
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(b) Optimal scale of investment I∗(X∗; ρ∗(X∗))

at the investment threshold for the scenar-

ios with (solid line) and without (dashed line)

bankruptcy option.

Figure 3: Effect of α.

µ = 0.02, r = 0.1, σ = 0.05, δ = 40, and η = 0.02.

Next we investigate how the investment threshold X∗ := X∗D = X∗F depends on the bankruptcy cost α.362

As shown in the previous section this threshold is given by max[X̃D, X̃F ], where X̃D is the lender’s threshold363
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under the assumption that the firm invests immediately and X̃F is the firm’s threshold under the assumption364

that the lender offers credit at any value of X. Concerning X̃D, since an increase in bankruptcy cost lowers365

the lender’s net present value of the project for each X “financing” is delayed, i.e. the threshold is increasing366

in α. We find the opposite for the firm: threshold X̃F is decreasing in α. The bankruptcy cost parameter367

α only has an indirect effect on the firm’s investment problem in the sense that the coupon scheme ρ∗(·) is368

shifted downwards if α goes up. Lower investment costs imply earlier investment for the firm and therefore369

X̃F decreases with α.370

The interplay between the opposite monotonicities of X̃D and X̃F imply that the equilibrium investment371

threshold X∗ has a V-shape, as illustrated in Figure 3a. For low values of α we have X∗ = X̃F since the372

low bankruptcy cost makes the project more attractive for the lender and therefore the investment timing373

depends on the willingness of the firm to carry out the investment. On the contrary, for large α the willingness374

of the lender to provide the credit is the bottleneck and we have X∗ = X̃D. As can be seen in Figure 3b375

the dependence of the size of equilibrium investment for x(0) ≤ X∗ from α closely follows the shape of the376

investment threshold. In particular, also this relationship is characterized by a V-shape. This is driven by377

the standard reasoning that the marginal return from investment is higher the larger is x(t) at the time of378

investment. Similarly, the size of the coupon rate realized in equilibrium for x(0) ≤ X∗ is mainly driven379

by the positive dependence of the optimal coupon rate from the level of x(t) at the time of investment (see380

Figure 4a). The fact that both the coupon rate and the investment size have a V-shaped dependence on α381

furthermore implies that also the dependence of the bankruptcy threshold X∗B on α has this structure (see382

Figure 4b). The reason is that there is a positive relationship between the value of ρI and the bankruptcy383

trigger. In face of a commitment to a higher stream of coupon payment ρδI the firm has higher incentives384

to declare bankruptcy and therefore chooses a higher bankruptcy trigger.385

0.0 0.2 0.4 0.6 0.8 1.0 α

0.132

0.133

0.134

0.135

ρ*

(a) Coupon rate ρ∗(X∗) in equilibrium for the

scenarios with (solid line) and without (dashed

line) bankruptcy option.

0.0 0.2 0.4 0.6 0.8 1.0 α

4.45

4.50

4.55

4.60

4.65

X
B

*

(b) Bankruptcy trigger X∗
B(I∗(X∗), ρ∗(X∗)) in

equilibrium.

Figure 4: Effect of α.

µ = 0.02, r = 0.1, σ = 0.05, δ = 40, and η = 0.02.

Analysis welfare (TO BE ADDED AFTER FIGURES ARE COMPLETE)386

Welfare generated is given by387

W =


X
r−µ (I∗(X)− η

2 (I∗(X))2)− δI∗(X) for all X ≥ X∗,(
X
X∗

)β1
(
X∗

r−µ (I∗(X∗)− η
2 (I∗(X∗))2)− δI∗(X∗)

)
for all X < X∗.

Next we will study the effect of an increase in bankruptcy cost α for the value of both parties, the lender388

and the firm, as well as the sum of the values for both. Figure 5 shows how these value change with α389
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(a) Value of lender VD(X = 6).
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(b) Value of the firm VF (X = 6)
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(c) Total value of firm and lender VF (X = 6) +

VD(X = 6).
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(d) Welfare W for X = 6.

Figure 5: Effect of α for the scenarios with (solid line) and without (dashed line) bankruptcy option and X

in the stopping region.

µ = 0.02, r = 0.1, σ = 0.05, δ = 40, and η = 0.02

in a scenario with X ≥ X∗ where the firm invests immediately. Not surprisinlgy, the value of the lender390

decreases with α (see panel (a)), whereas the value of the firm increases with α (panel (b)). The first of391

these observations is directly driven by the increased bankruptcy costs the lender faces, and the second392

effect is due to the reduction in the coupon rate, which is induced by a larger α. Interestingly, the indirect393

effect on the value of the firm dominates, such that the sum of the value of the firm and lenders increases394

as bankruptcy costs become larger (panel (c)). Hence, an increase in costs leads to an increase in the total395

expected value of the investment option for both agents. Intuitively, since the larger costs associated with a396

bankruptcy of the firm induces the lender to choose a lower coupon rate the inefficiency associated with a too397

large coupon rate (due to the double marginalisation problem discussed above) is reduced. The bankruptcy398

threat therefore diminishes the negative implications of sequential market power on different stages of the399

vertical chain. Comparing the total value with and without the bankruptcy option (i.e. comparing the solid400

and dashed lines in Figure 5(c) shows that for large bankruptcy costs the existence of the bankruptcy option401

indeed increases the total value. In this respect it should be noted that the direct effect of bankruptcy on402

the total generated value is always negative, since even for values of X below the bankruptcy threshold X∗B403

the project, after investments have been sunk, generates a non-negative payoff stream. The positive effect404

of the bankruptcy option on the total value for firm and lender is therefore entirely driven by the effect405

of the option on the coupon rate and the investment size. Since it is not clear how to evaluate consumer406

surplus after the firm has declared bankruptcy5 we abstain from incorporating consumer surplus into our407

5 In particular, if the lender sells the invested capital upon firm bankruptcy, thereby facing a loss of a fraction α of the
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(a) Optimal investment threshold
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(b) Social welfare W (X = 5, α)

Figure 6: Effect of α on social welfare for σ = 0.05 in scenarios with (solid line) and without (dashed line)

bankruptcy option.

µ = 0.02, r = 0.1, σ = 0.05, δ = 40, and η = 0.02.

0.0 0.2 0.4 0.6 0.8 1.0
α6.0

6.5

7.0

7.5

X*

(a) Optimal investment threshold
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(b) Social welfare W (X = 5, α)

Figure 7: Effect of α on social welfare for σ = 0.1 in scenarios with (solid line) and without (dashed line)

bankruptcy option.

µ = 0.02, r = 0.1, σ = 0.1, δ = 40, and η = 0.02.

15



External Financing and Double Marginalization Preliminary draft: Please do not cite or circulate

consideration and therefore cannot provide a full welfare analysis. However, it is quite obvious that, at least408

if the invested capital is still used to sell the product on the market after firm bankruptcy, under large values409

of α the reduction in the coupon scheme and the increase in investment imply that the existence of the410

bankruptcy option would also increase consumer surplus. The fact that for small values of the bankruptcy411

cost parameter α the value of the lender is larger than without the bankruptcy option whereas that for the412

firm is smaller, is again driven by the effect of α on the coupon scheme. With the bankruptcy option the413

firm has stronger incentives to invest and the lenders exploits this by setting a higher coupon rate without414

facing substantial direct costs in the case of firm bankruptcy.415

0.05 0.10 0.15 0.20
σ
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X*

(a) Optimal investment threshold
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(b) Social welfare W (X,α) for X = 5.

Figure 8: Effect of σ on social welfare for α = 0.5 in scenarios with (solid line) and without (dashed line)

bankruptcy option.

µ = 0.02, r = 0.1, α = 0.5, δ = 40, and η = 0.02.

4 Robustness/Extensions/Sensitivity416

4.1 Robustness417

Figure 3 shows that the optimal investment decisions X∗ and I∗ with bankruptcy option are larger than that418

without bankruptcy option (NBO). In Figure 4 it is shown that the optimal coupon rate ρ∗ is also larger419

compared with that in NBO. The following table shows results of the robustness check for the illustration420

in these two figures.421

Parameter Description Baseline Tested Interval Robustness

σ Volatility parameter 0.05 [0.01, 0.3] X

r Discount rate 0.1 [0.021, 0.2] X

µ Trend parameter 0.02 [−0.01, 0.09] X

η Elasticity parameter 0.02 [0.0005, 0.3] X

δ Unit investment cost 40 [0.02, 80] X

Table 1: Range of parameter values for which the firm’s investment decisions X∗ and I∗, and the lender’s

coupon rate ρ∗ are larger than those in the scenario without bankruptcy. A checkmark indicates this result

is robust.

current firm value, it is hard to determine consumer surplus generated by that capital after it is sold.
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5 Concluding remarks422

To be completed...423
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Geraldo Cerqueiro, Deepak Hegde, Maŕıa Fabiana Penas, and Robert C Seamans. Debtor rights, credit429

supply, and innovation. Management Science, 63(10):3311–3327, 2017.430

Rajesh K Chandy and Gerard J Tellis. The incumbent’s curse? incumbency, size, and radical product431

innovation. Journal of Marketing, 64(3):1–17, 2000.432

Preyas S. Desai, Oded Koenigsberg, and Devavrat Purohit. Forward buying by retailers. Journal of Marketing433

Research, 47(1):90–102, 2010.434

Avinash K. Dixit and Robert S. Pindyck. Investment under Uncertainty. Princeton University Press,435

Princeton, 1994.436

John Freeman and Jerome S Engel. Models of innovation: Startups and mature corporations. California437

Management Review, 50(1):94–119, 2007.438

Emanuele Giraudo, Giancarlo Giudici, and Luca Grilli. Entrepreneurship policy and the financing of young439

innovative companies: Evidence from the italian startup act. Research Policy, 48(9):103801, 2019.440

Fausto Gozzi and Francesco Russo. Verification theorems for stochastic optimal control problems via a441

time dependent Fukushima-Dirichlet decomposition. Stochastic Processes and their Applications, 116:442

1530–1562, 2006.443

Galina Hale and João A.C. Santos. Do banks price their informational monopoly? Journal of Financial444

Economics, 93(2):185 – 206, 2009.445

Bronwyn H Hall. The financing of research and development. Oxford Review of Economic Policy, 18(1):446

35–51, 2002.447

Robert E Hall and Susan E Woodward. The burden of the nondiversifiable risk of entrepreneurship. American448

Economic Review, 100(3):1163–94, 2010.449

Christopher A Hennessy and Toni M Whited. Debt dynamics. The journal of finance, 60(3):1129–1165,450

2005.451

N. F. D. Huberts, H. Dawid, K. J. M. Huisman, and P. M. Kort. Entry deterrence by timing rather than452

overinvestment in a strategic real options framework. European Journal of Operational Research, 274:453

165–185, 2019.454

Kuno J. M. Huisman and Peter M. Kort. Strategic capacity investment under uncertainty. The RAND455

Journal of Economics, 46(2):376–408, 2015.456

17



External Financing and Double Marginalization Preliminary draft: Please do not cite or circulate

Samuel Kortum and Josh Lerner. Assessing the contribution of venture capital. The RAND Journal of457

Economics, 31(4):674–692, 2000.458

Hayne E. Leland. Corporate debt value, bond covenants, and optimal capital structure. The Journal of459

Finance, 49(4):1213–1252, 1994.460

Zhuoxin Li, Stephen M Gilbert, and Guoming Lai. Supplier encroachment under asymmetric information.461

Management Science, 60(2):449–462, 2014.462

Liming Liu, Mahmut Parlar, and Stuart X Zhu. Pricing and lead time decisions in decentralized supply463

chains. Management Science, 53(5):713–725, 2007.464

Elmar Lukas and Sascha Thiergart. The interaction of debt financing, cash grants and the optimal investment465

policy under uncertainty. European Journal of Operational Research, 276(1):284–299, 2019.466

Evgeny Lyandres and Alexei Zhdanov. Accelerated investment effect of risky debt. Journal of Banking &467

Finance, 34(11):2587–2599, 2010.468

David C Mauer and Sudipto Sarkar. Real options, agency conflicts, and optimal capital structure. Journal469

of banking & Finance, 29(6):1405–1428, 2005.470

Antonio S Mello and John E Parsons. Measuring the agency cost of debt. The Journal of Finance, 47(5):471

1887–1904, 1992.472

Jianjun Miao. Optimal capital structure and industry dynamics. The Journal of Finance, 60(6):2621–2659,473

2005.474

Maria Minniti. The role of government policy on entrepreneurial activity: productive, unproductive, or475

destructive? Entrepreneurship Theory and Practice, 32(5):779–790, 2008.476

Ramana Nanda and Matthew Rhodes-Kropf. Investment cycles and startup innovation. Journal of Financial477

Economics, 110(2):403–418, 2013.478

Michi Nishihara and Takashi Shibata. The effects of asset liquidity on dynamic sell-out and bankruptcy479

decisions. European Journal of Operational Research, 288(3):1017 – 1035, 2021.480

Grzegorz Pawlina. Underinvestment, capital structure and strategic debt restructuring. Journal of Corporate481

Finance, 16(5):679–702, 2010.482

Goran Peskir and Albert Shiryaev. Optimal stopping and free-boundary problems. Birkhäuser Basel, 2006.483
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Appendix510

Proof of Proposition 1 As explained in the text we first determine the firm’s optimal investment size,511

followed by the derivation of standard value matching and smooth pasting conditions providing necessary512

optimality conditions for the investment threshold for the firm. As the next step we determine the coupon513

rate for any X ∈ D∩S. Using this coupon scheme we then first assume that S is included in the interior of D514

and show that there is a unique threshold satisfying the necessary optimality conditions for the firm. Hence,515

S = [XF ,∞), where we will be able to provide XF in closed form. Finally, we will consider the problem516

of the lender. Clearly there is an optimal coupon scheme with D ⊆ [XF ,∞) and we will concentrate on517

optimal coupon schemes of this form.6 We show that when taking this into account there exists a unique518

threshold X∗D such that D = [X∗D,∞) solves the lender’s optimization problem. and that X∗D = XF . From519

this it follows that X∗F = XF = X∗D.520

In order to determine the optimal investment size we start out by calculating the firm’s net present value

in the stopping region. It is given by

JF (X, ρ(X), 0, I) = E0

∫ ∞
0

e−rtπ(t, I; ρ)dt =
X

r − µ
I(1− ηI)− ρ(X)

r
δI.

To find the optimal scale of investment, the first order condition gives521

I∗(X, ρ(X)) =
1

2η

(
1− δ(r − µ)

X

ρ(X)

r

)
. (11)

The second order condition confirms that (11) yields a (global) maximum. We will show later that values of522

X such that I∗ < 0 are not considered, so that (11) gives a solution to the optimization problem. Inserting523

the optimal investment gives the value function for X ∈ S:524

WF (X) = (12)

Consider now the firm’s optimal stopping problem. In particular we first treat the auxiliary problem where525

the lender offers a differentiable coupon scheme with finite values for all X ∈ (0,∞). Denote by L the526

infinitesimal generator, i.e.527

L = µX
∂

∂X
+ 1

2σ
2X2 ∂

∂X
.

Let C denote the continuation region, and let ∂C denote a (potential) boundary. As standard for these528

problems (see, e.g., Peskir and Shiryaev (2006)), the firm’s value function is given by some function φ that529

solves a free boundary problem, so that then VF = φ. That is, in the stopping region it holds that φ = JF530

(i.e., S = R+\C) and in the continuation region φ solves Lφ = rφ with conditions ∂
∂Xφ(X̃) = ∂

∂XWF (X̃)531

(“smooth pasting”), and φ(X̃) = WF (X̃) for all X̃ ∈ ∂C (“value matching”).532

The solution to Lφ = rφ (see, e.g., Dixit and Pindyck (1994)) is given by φ(X) = AXβ1 where A follows533

from the free boundary conditions and where β1 is the positive root of the quadratic polynomial of534

1

2
σ2β2 + (µ− 1

2
σ2)β − r = 0.

Inserting φ(X) = AXβ1 into the value matching and smooth pasting conditions gives after some trans-535

formation the following equation to be satisfied for any X at the boundary ∂C,536

β1

(
X

r − µ
I(1− ηI)− ρ(X)

r
δI

)
=

X

r − µ
I(1− ηI)− X

r
δI

∂

∂X
ρ(X). (13)

6 If the lender has a coupon scheme with [XF ,∞) ⊂ D then, since the firm never invests at x(t) ∈ D\[XF ,∞), an alternative

scheme in which ρ(X) is unchanged for X ∈ [XF ,∞) and ρ(X) =∞ for X 6∈ [XF ,∞) gives the same expected payoff for

the lender.
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Then turning to the lender’s problem, let us first determine ρimm(X) for all X ∈ D. The lenders net

present value, for all X ∈ D ∪ S, is given by

JD(X, ρ, 0, I∗(X, ρ)) = E0

∫ ∞
0

e−rtρδI∗(X, ρ)dt− δI∗(X, ρ)

=
ρ− r
r

δI∗(X, ρ)

=
ρ− r
2ηr

δ

(
1− δ(r − µ)

X

ρ

r

)
. (14)

Taking the derivative with respect to ρ yields537

∂

∂ρ
JD =

1

2ηr
δ

(
1− δ(r − µ)

X

ρ

r

)
− ρ− r

2ηr
δ
δ(r − µ)

X

1

r
.

From ∂
∂ρJD = 0 we obtain538

ρimm(X) =
r(X + δ(r − µ))

2δ(r − µ)
. (15)

Hence,539

I∗(X, ρimm(X)) =
X − δ(r − µ)

4ηX
. (16)

Solving (13) and (11) simultaneously, using (15), gives the unique solution

XF =
β1 + 1

β1 − 1
δ(r − µ),

I∗(XF , ρ
imm(XF )) =

1

2η(β1 + 1)
.

Hence, under the coupon scheme, where ρ(X) = ρimm(X) for all X > 0 the stopping region under the firm’s540

optimal investment strategy is given by [XF ,∞).541

Now we consider how the region D should be optimally determined by the lender. As shown in the542

beginning of the proof we can restrict attention to coupon schemes with D ⊆ [XF ,∞). For any such scheme543

we have that the firm immediately invests for any X ∈ D. Hence, the value function for the lender for544

X ∈ D is given by inserting (15) into (14). Value matching and smooth pasting conditions using this value545

function imply that for any X on the boundary of D we must have546

β1

(
X

δ(r − µ)
− 1

)2

=

(
X

δ(r − µ)
− 1

)(
X

δ(r − µ)
+ 1

)
,

which has two solutions: X̃ = δ(r − µ) and547

X∗D =
β1 + 1

β1 − 1
δ(r − µ).

Under the first of these solutions I∗(X̃, ρimm(X̃)) = 0, which implies that the only candidate for the boundary548

of D is X∗D. Since X∗D = XF under this solution we indeed have that D ⊆ [XF ,∞). This establishes that549

X∗F = XF = X∗D. At the threshold, it then holds that550

ρimm(X∗F ) = r
β1

β1 − 1
.

Finally, notice that I∗(X∗F , ρ(X∗F )) > 0 so that I∗ > 0 for all X ∈ R+\C. Furthermore,551

JD(X∗D, ρ
∗(X∗D), I∗(X∗D, ρ

∗(X∗D))) =
δ

2η(β2
1 − 1)

> 0,
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which shows that it is optimal for the lender to provide a coupon scheme with a non-empty set D. �552

553

554

Proof of Lemma 1: Because the default option is conditional on the firm being active in the market,555

we reset the present time to a point t′ after investment (t′ ≥ T ) and denote the corresponding geometric556

Brownian motion as x(t′) = x. Then it holds that the firm’s value equals557

VB(x; I, ρ̃) =


x(1−ηI)I
r−µ − ρ̃δI

r +ABx
β2 for x > X∗B ,

0 for x ≤ X∗B .

The value matching and smooth pasting conditions at the default threshold yield that558

XB(I, ρ) =
β2

β2 − 1

ρδ(r − µ)

r(1− ηI)
.

�559

560

561

Proof of Proposition 2: The firm’s investment problem for the given coupon scheme ρ(·) and optimal

investment size I can be written as

VF (X) =

WF (X; ρ), if X ≥ X∗F
AXβ1 if X < X∗F .

where WF (X; ρ) = I(1−ηI)
r−µ

(
X −

(
X

XB(I,ρ(X))

)β2

XB(I, ρ(X))

)
− ρ(X)

r δI

(
1−

(
X

XB(I,ρ(X))

)β2
)

, X∗F is the562

investment threshold and I satisfies (7). The firm’s investment threshold X∗F according to the value matching563

and smooth pasting condition at X∗F satisfies that564

β1VF (X∗F ) = X∗F

(
∂WF (X∗F )

∂ρ

dρ(X∗F )

dX
+
∂WF (X∗F )

∂X

)
= − δI

r(β2 − 1)

(
β2ρ(X∗F )−X∗F (β2 − 1)

dρ(X∗F )

dX

)(
rX∗F (β2 − 1)(1− ηI)

β2δ(r − µ)ρ(X∗F )

)β2

+
I(1− ηI)X∗F

r − µ
− δIX∗F

r

dρ(X∗F )

dX
,

Rearranging the terms yields expression (8). �565

566

567

Proof of Proposition 3: From the moment of the firm’s investment, the coupon rate is fixed, and the568

lender’s value as a function of the coupon rate ρ̃ is given by569

JD(X, ρ̃, 0, I∗(X; ρ̃)) =
ρ− r
r

δI∗(X, ρ)− ρδI∗(X, ρ)

r

(1− αβ2)

1− β2

(
X

XB(I∗(X, ρ), ρ)

)β2

where I∗(X, ρ̃) satisfies equation (7). Taking the first order condition yields equation (9). �570

571

572

Proof of Proposition 4: Recall that D = [X∗D,∞) and we restrict our attention to D ⊆ [X∗F ,∞), then573

the firm invests immediately for X ∈ D and the corresponding coupon scheme ρ∗(X) is as specified by (9).574
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The lender’s value reads575

VD(X) =

ADXβ1 if X < X∗D,

WD(X) if X ≥ X∗D.

with WD(X) = δI∗(X, ρ∗(X))
r

(
−ρ

∗(X)(αβ2−1)
β2−1

(
X

XB(I∗(X, ρ∗(X)), ρ∗(X))

)β2

+ ρ∗(X)− r
)

and I∗(X; ρ∗(X))576

satisfies (7). According to the value matching and smooth pasting consitions at X∗D it holds that577

β1WD(X∗D) = X∗D

(
∂WD(X∗D)

∂ρ

dρ∗(X∗D)

dX
+
∂WD(X∗D)

∂I

∂I∗(X∗D; ρ∗(X∗D))

∂ρ

dρ∗(X∗D)

dX

+
∂WD(X∗D)

∂I

∂I(X∗D; ρ∗(X∗D))

∂X
+
∂WD(X∗D)

∂X

)
= X∗D

∂WD(X∗D)

∂I

∂I(X∗D; ρ∗(X∗D))

∂X
+X∗D

∂WD(X∗D)

∂X
.

Rearranging the terms yields (10). �578
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