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Abstract

‘We consider an optimal investment problem in which the cost of the invest-
ment decreases over time. This decrease is modelled using the negative of
a non-decreasing Lévy process. The decreasing cost is a way of modelling
that innovations drive down the cost of the investment. Several explicit
examples of how different Lévy processes influence the value of the invest-
ment are given.
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1 Introduction

An optimal irreversible investment problem with technical innovation is studied.
We revisit and extend the model used in Murto [10], where an investment prob-
lem that generalizes the classical optimal investment problem in McDonald &
Siegel [8] is considered. In Murto [10], the cost of making the investment is as-
sumed to decrease by a given fraction each time a Poisson process (independent
of the Brownian motion driving the cash flows generated by the investment)
jumps. The idea is that as time passes innovations occur (represented by the
jump in the Poisson process) that drives down the cost of the investment. This
model has also recently been studied in Nunes et. al. [11]. We extend the class
of models of innovation by also considering innovations where not only the tim-
ing of when innovations occur is uncertain, but also the size of the innovations.
This is done by modelling the innovations according to a non-decreasing Lévy
process.

The rest of this paper is organized as follows: In Section 2 the model is
presented, in Section 3 the investment problem is solved, and in Section 4 several
examples are given.
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2 The model

Welet (2, F, P, (F;)) be a complete filtered probability space where the filtration
(F:) is assumed to satisfy the ususal conditions of Fy containing all P-null sets
of ¥, and the filtration being right-continuous. There exists a bank account
with constant interest rate r, i.e. there exists a financial asset whose value By
at t > 0 satisfies

dB; = rB,dt with By = 1.

We also assume the existence of a risk-neutral probability measure @), locally
equivalent to P, and with B as its numeraire.

An investment generates per unit cash flows of Cy at time ¢ > 0. We assume
that (C}) evolves according to a geometric Brownian motion,

dCy = pCidt + oCrdWE with Cy = ¢ > 0,

where (W) is a one-dimensional Q-Brownian motion, ¢ > 0 and

2
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The value of the stream of cash flows at time ¢ > 0 is given by
o C
X, = E° {/ e "0 ds 3}} = !
t L

with Xo =z = ¢/(r — p). Since we assume that g < 7, (X;) is a well-defined
and strictly positive stochastic process. If the value (X}) is the value of a traded
asset, then p = r — 4, where 0 > 0 is the yield the investment generates. If (X;)
is not the value of a traded asset, then @ — r can be interpreted as an implied
yield; see Armerin & Song [3] for a discussion.

The cost of making the investment at time ¢t > 0 is I;, where

I, =ie™ %t with i >0 (1)

and (Z;) is a non-decreasing Levy process satisfying Zy = 0 and that is inde-
pendent of (C;) (and thus also of (X;)). For more on the facts of Lévy processes
needed, see e.g. Kyprianou [6]. In this model innovation drives down the cost of
the investment through the change in (Z;). In Murto [10] and Nunes et. al. [11]
the cost of investment is written as I; = it with ¢ € (0,1) and where (V) is
a Poisson process with constant intensity A > 0. Since i@™Nt = je= P1/INe e
still have their specific form as the special case Z; = In(1/¢)Ny.

The goal of the investor is to maximize the net present value

EQ, [e7 (X, — I;)]
over the set of stopping times. We let
V(x,i)=sup EZ; [e 7" (X, — I))] , (2)
T
where the supremum is taken over the set of stopping times, and this is the
function we will determine given different Lévy processes (Z;). We are also

interested in determining optimal stopping times, were we recall that an optimal
stopping time is a stopping time 7* such that

V(w,i) = B, [e7" (X0 — IT*)} ,



3 The solution to the investment problem

To solve the optimal investment problem, i.e. to find the function given by
Equation (2) and to find an optimal stopping time, we start by rewriting the
problem as that of an American put option with constant strike price. First of
all we observe that we can write

X;—-L = X(1-1L/Xy)

o2 7
= getteoWim Tt (1 — eUt)
x

= ML, (a: — ieU*) ,

where

0.2
Ut: (2—,u>t—0'Wt—Zt

and )
Lt _ eawt -5t

is a Radon-Nikodym process. Using (L) to change measure from @ to a new
measure, which we call @), we can write Equation (2) as

V(z,i) = sup EQ [e_(’"_“)T (z— ieU*)} . (3)

Furthermore, using the Girsanov theorem (see e.g. Jeanblanc et. al. [5]) we have

O'2 N
Ut:—<ﬂ+2>t—0'Wt—Zt,

where W is a Q-Brownian motion (still independent of (Z;) under @), and
(Z;) has the same distribution under Q as under ). Note that the condition
u > —o?/2 imposed above, implies that the drift of (U;) is non-positive.

For v > 0 we let T'(vy) denote an exponentially distributed random variable
independent of (U;) with mean 1/; all of this under Q. We also introduce

Q = inf Ut .
0<t<T(r—p)

Mordecki [9] has shown that the function in Equation (3) is given by

.
V(z,i) = EQ (zz < ) :
E€Q [eY]

and that an optimal stopping time is given by

7 = inf {t >0 ) ieVt < .’L‘EQ [eg]}

(see Theorem 2 in Mordecki [9]). Since the random variable U has support on
the negative real line, it follows that

ev 1 .
- >0 when = > — =1A.,
EQ [eU] E€ [eY]

xr—1-



where

from which it follows that
V(z,i) =2 —1 when z >iA..

When z < iA. we have

) ln(if\c) ) ey
Vz, i) = [m <x —q- 70 [eU]> dFy(y),

where Fy(y) = (Q <
U has support on (—o0,0], w
(z,i) € RZ | as

y) is the distribution function of U under Q Since
, we can write the optimal value function for every

Now )
i — ﬁeUt
Xt X ’
so the optimal stopping rule is to stop as soon as
1
X > I & Xi>Ald.

EQ [eU

In order to calculate V' and the optimal stopping rule, we need to determine
EC [eg]. To do this we start by defining the Laplace exponent 1):

1 ~
2) = = In E9 [e*Vt]
¥(2) = T I B9[]
whish is finite at least for z > 0. To continue, we need to distinguish between

two different cases.

(a) When o > 0, the process (U;) is a spectrally negative Lévy process (i.e. a
Lévy process with only negative jumps and that is not the negative of a
subordinator). With our model we have

o~z

66 =55 = (w5 ) s

where ¢~ is the Laplace exponent of —Z;:
1 ~
P (z) = 7 InE9 [e7*%] .

Again using that (Uy) is a spectrally negative Lévy process when o > 0,
it follows from Equation (8.4) in Kyprianou [6] that for z > 0

Qrpuj_ ok r—p) -2
S S kT R Sy S Y



where ®(r — p) is the largest root of the equation
P(z) =7 —p.
We have (1) = —p+ 9~ (1), so

QU] — r—p .ib(r —p)—1
Pl s e

Hence,
U SR () Bt ¢)
©OEQY] O(r—p) -1 r—p

(b) When ¢ = 0, then U; = —ut — Z; with ;1 > 0. This means that (U;) in
this case is the negative of a subordinator, which is a type of process not
in the class of spectrally negative Lévy processes. The general result by
Mordecki [9] is still valid, and in this case

U= inf U = —puT(r — p) — Zpr—p)-

0<t<T(r—p)
We further have
EQ [ezg] — EQ |:6_ZHT(T_M)_ZZT(T—u):|

. 0o

= E9 [/ e P22y (p — M)e—(r—u)ydy]
0

= (T—u)/ EQ [e=#v] e~ (r—ptamygy

0

= (r—u /OO e—(T—M+2u—w’(Z))ydy
0

r—p
r -2 -0 ()

Since in this case
P(z) = —pz + ¢~ (2),
it follows that

l?Q 2U] r-p
S TR
and B
A= 1 =y
EQ [eY] Tl

To summarize, we have the following result:

Proposition 3.1 With notation and assumptions introduced above, the optimal
value function V' in Equation (2) is given by

ln(iﬁc)
V(z,i) = /0 (x — iACey)dFQ(y),



where
PR e I )
S(r—p) -1  r—p

when o > 0 and
- (1
LT
T K
when o = 0. An optimal stopping time is in both cases given by

T=1nf{t20 ‘XtZAcIt}

To be able to numerically calulcate the optimal value function V' we can use
Laplace transform techniques. We will now derive an expression where the value
function is written using inverse Laplace transforms. In order to conform with
standard Laplace transform methods we will work with the negative of U (since
this is a positive random variable). Letting J = —U, we have

—J

n
V(a,i) = B (I—i' Eé?e[eJ]> = E9 [(z —idce )],

Now,
x—iAce >0 & y>In(id./z).

Since J has support on [0,00), we can use the same argument as in the case
where we represented the value function using the random variable U, to see
that it can be written

oo

Viz,i) = /1 h (z — Agie™) dF;(y) = x / T aF(y)—iA, / e YdF;(y).

n(iAc:/z) In(iA./x) In(iA./x)
(4)

We can also write the value function as

V(x,i) = /1<‘A/ )(m—Acie‘y)dFJ(y)

00 In(iA./x)
/ (x — Acie_y) dF;(y) — / (x — Acie_y) dF;(y)
0 0

In(iA./x)
= xfif/ (z — Acie™?) dF;(y)
0
In(iA./x) In(iA./x)
= x—i—x/ dFJ(y)—l—Aci/ e YdF;(y).
0 0

From this expression for V(z, ) it is obvious that if we know

Lt = [ e trar ()

for all ¢ > 0 and b = 0,1, then we can calculate the value function V. Since we
know that

r—p | P(r—p)—=z

/ eV, (y) = B9 [e=*] = { e(—p) TR )
0 —u—v(z)’

when o > 0

when o =0,



we can use inverse Laplace transform techniques to calculate L(0;1n(¢A./x)) and
L(1;1n(iA./x)). We now use that if F' is the distribution function of a positive
random variable, then the Laplace transform of the function y — foy e Y dF(t)
is given by

F(z+b)

)

z

where F(z) = JoT e #dF(t) is the Laplace-Stieltjes transform of F (this fol-
lows from changing the order of integration in the definition of the Laplace
transform). Using this result, and with £ denoting the Laplace transform, we

T et g e

and )
£ [/ eydmy)] O . G DRl CR )
0 z Q(r—p) r—p—vyz+1)
when o > 0 (see below for the case when o = 0). By inverting these two Laplace
transforms and evaluate at the point In(iA./x) will give us the value function.
Writing £ 1[f(2)](t) for the inverse Laplace transform of f evaluated at ¢, we
can write the value function as

i) = w—i—al! 1 i -<I>(r—,u)—z n(tA./x
Vie.?) o [2 D(r — pu) T—u—w(z)}(l(Ac/ )
1 r—p @r—p—(2+1) WA ]
z ®(r—p) r—p—w(z—&—l)}(l(Ac/ )

. —1 ;
= s—i—a(r—p)L; 'L T e = T—Miwz)](ln(mc/z))

. ~1 D(r—p)—1 .
+1AC(T—}L)LZ [% é’?TfL) "r—u—'ltp(z)+1_<I>(T17u)'r—‘u—i;(z+1)](ln(ZAC/"L‘))-

+iA LT {

Since the evalution is at the point In(iA./x), two of the terms in this expression
cancels, and after some simplifications we get

) /)

1 1

e b e )
This is the expression of the solution (written here using inverse Laplace trans-
forms, but usually written using scale functions) that occurs in many places
in the literature (see Kyprianou [6], specifically Corollary 11.3, and references
therein). When o = 0, it is straightforward to see that we will arrive directly
at the above expression for V', so it will hold for any ¢ > 0.

Viz,i) = =z (1 +(r—pL;t {

Si(1 - e |

4 Examples

4.1 Introduction

In this section we consider the presented model under several assumption on the
Lévy process (Z;) driving down the cost of the investment. The general result in
Proposition 3.1 results in the above expression involving Laplace inversions, and
this in many cases the best way of numerically calculate the value fucntion. In
this section we focus on models where we can get analytically explicit formulas.



4.2 Models with ¢ >0

A compound Poisson process with mixed-exponentially distributed
jump sizes

When (Z;) is a compound Poisson process where the compounding distribution
is a convex combination of exponential distributions (i.e. the compounding dis-
tribution is mixed-exponetial or hyperexponential), then the explicit solution to
the optimal stopping problem can be found in Mordecki [9]. Here we illustrate
this class of models by considering the investment problem when the jump size
is exponentially distributed. Hence, we assume that

Ny
Zt = Z }/Ea
=1

where (NVy) is a Poisson process with constant intensity A > 0 and the random
variables Y7, Ys, . .. are independent of each other, independent of (N;) and have
common density

fly)=pe P, y>0

for some 8 > 0. We also assume that ¢ > 0. In this case, the solution is given by
Corollary 2 in Mordecki [9]. We need the two strictly negative roots —p; > —pa

to the equation
o222 . o? \_F
— — | z- =7r— .
2 SR Py .

Given these two, we calculate

/g P2 q
Blzé_l anngzé_l
P2 P1
In this case \
_ z
z2)=———,
v = -5
SO
L _popuo e 2w

Ac N+ E) (- p)

An alternative expression is proved in Mordecki [9]:

50 [ U} _ B Bspo

Tl 1

Given the four parameters p1, p2, B and B, the solution can be written (see
Mordecki [9] for details)

(2, ) T —1i when z > A.i
\% Z‘,i = +B = P1 B - P2 '
P1+11 (Aci) + p2+21 (Aci) when x < AC’L,

where

¢ Bipy Baps *
p1+1 p2+1




A scaled Poisson process

The case where (Z;) is a scaled Poisson process and o > 0 is the main model
considered in Murto [10] and in Nunes et. al. [11]. It is also considered in Aase
[1] and Aase [2]. With Z; = kN, where k > 0 is a constant and (NV;) is a
Poisson process with constant intensity A > 0, we have

Y7 (2) = AMe™ — 1),

and thus

It follows that

EQ[ezQ}: K _ <I>(r—u)2—z
P(r—p) r—p—TF+(p+%)z+A1—e %)
and we get
1 ®(r—p) rH+Al—e)
EQ [eU] T — [ S(r—p)—1"°
We now use the fact that we in this case can write the value function as

V(:UJ) = w(l+(r—;t)£21{%~ﬁ L )](ln(iAC/w))>

z
> 7(u+%)z+>\(e*>\z71)7(v~7“

C

~ (1t %) DA AETD —1)— (r )

—i <1+(r—w(1)>ﬁzl [1 P IeEsYE L ] (ln(iAc/oa»)
EEIEESTL)

= z—i —) Lo L —— L In(iA.
z—ita(r—p)L; {z "22227(,L+“—22)z+x(e—/\271)7(r,u)}(n(l -/x))

—i(r—y~ ()L [1- I L } (In(iA./z)).

(bt % ) GO AACACED 1)~ (r— )

To get an analytical expression for the solution of the optimal stopping problem
in this case, we follow the proof of the general compound Poisson process case
studied in Landriault & Willmot [7]. Let

c2) o? 1 1
Z) = —" = 9
2 (z) = (r—np) 22—(%4-1)2—@—]\(1—6_27’3)

where A = 2)\/0?. We can write

1
(24 21)(z — 22) + Ae—F=’

2
(] m Y 2
(02+2)+¢(02+2)+ FESTR

where

and




Now

1 1
Cz) = . _
=) (z 4+ 21)(2 — 22) 1+(z+‘z\f)7’(:7z2)

i (71)nAnefknz

(z + 21)" (2 — 2ot

n=0

Let g, be the inverse Laplace transfom of (z+z1)n+11(z—z2)n+1- Then

1 (_l)nAnefknz

z {(Zﬂl)nﬂ(z - ZQ)M} (t) = (=1)"A"gn(t — kn)1(t > kn).

Hence,
c(t) = L7MC(2)](H) = Y _(~1)"A"gn(t — kn)1(t > kn)
n=0
and, for p > 0,
t oo t
/ e Ple(u)du = Z(—l)”An/ e Pkne=pu=kn) g (4 — kn)1(t > kn)du
0 n=0 0
o max(kn,t)
= Z(fl)”A"e*pk”/ e PU=kn) o (u — kn)du
n=0 kn
0 (t—kn)T
= Z(—l)”A"eil’k"/ e g (v)dv
n=0 0
L% t—kn
= Z(—l)”A"e‘pk"/ e g, (v)dv.
n=0 0

The inverse Laplace transform g, is given by

gnlt) = et i <n +j> (22 + 21 )7t2nHi+1
! =\ j ) @n+j+1)

(this follows from Equation (29) in Landriault & Willmot [7]), and we get

T + 7\ (22 + 21)7 (t — kn)?ntitl

c(t) = 1) APz (t—kn) n‘ ‘ e

' n;( | JZ:O J (2n+j + 1) (t > kn)

Since
e Plg,(t) = o (z1Hp)t i nt 5\ (29 + 21 )20+
n AN AV CIRN A
_ e_(zl+P)t§: n+] (22 +2'1)j . (21 +p)2"+j+2t2”+j+1
N 3 ey @nt+j+1)l

we can write

- - +J (22 + 21)
Pieuydy = 3 (—1)rAne e S (M) R E A
/0 e Pe(u)du D (=nrAre Py ( . > e

n=0 =\ J
2n+j+1 ¢ Y
1 _ o~ i) (t—kn) (21 +p)°(t — kn)
<1 e At pz:; 7 ,

10



where we have used the fact that
(Zl + p)2n+j+2t2n+j+1e*(21+17)t
t =
1) 2n+j+1)!

is the density function of an Erlang distributed random variable with shape
parameter 2n + j + 1 and rate parameter z; + p. Now

! [} ) 0 | o

< [ e 0= ) e

and from this

and

2(r — p) In(%3<) 2(r + A1 —e™%)) In(*5¢)
V(z,i) = x—z’—i—xiQ/ c(u)du—1i 5 / e “c(u)du
g 0 g 0
()
More explicitly we can write
L#m(%=)] n oo : -
, o 2(r—p) 2\ n+7Y (22 + 21)?
V(z,i) = z—it+or——s— (=" (> < B
o2 —~ o2 = j Z% +5+2
2n+j5+1
(1 e~ 71 (t—kn) ZJ Z{ (t _| k”)é>
=0 ¢
1p(ide _
-ty HE (2) oS (74) Lt
o’ = o S\ ) e
2n4j+1
. (1 _ o~ (z11)(t—kn) 2]: (e + U;ﬁt - k”)€> .
=0 ’

As a by-product of these calculations, and with notation as above, we have the
following corollary (for the definition of the scale functions, see e.g. Kyprianou
[6]), and using the corollary together with Equation (8.24) in Kyprianou [6] we
can also get the distribution of J.

Corollary 4.1 The scale functions W= and Z("=1) of the stochastic process
o2 .
Zt:* (M+2>tUWtth
are for x > 0 given by

and
(r=m(g) =1+ LT —#) wc w)du
Z () =1 /0 (u)du.

respectively.

Proof.  The result follows from combining Equation (5) with the formula in
Corollary 11.3 in Kyprianou [6]. m]
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Deterministic innovations

When Z; = ~t for a constant v > 0, the problem has no jump component, and
is reduced to a pure diffusion setting. This case is solved already in McDonald
& Siegel [8], and is also considered and solved in Murto [10].

4.3 Models with ¢ =0

A scaled Poisson process

One of the special cases considered in Murto [10] is when ¢ = 0 and (Z;) is a
Poisson process times a positive constant: Z; = kN;, where k > 0 is a constant
and (Ny) is a Poisson process with constant intensity A > 0, then both the
distribution of I, and the function V(z,) can be explicitly calculated. In this
case

U7 (2) = AMe H ~ 1),

) [T r—p
BY [e Q] o —pu(l—2) + A1 —e7F)

and h R
Qr.ul — —
E [e]_rJr/\(lfe*k)'

With
J=—U = kNrp@_,y + pT(r— p).

R o= +
V(:c,i):EQ <IZEW> ,

and the optimal stopping time is

we recall that

= inf {t >0 ‘ eVt < 2EQ [e—J]}

(note that Q = Q in this case since o = 0). Straightforward calculations show
that for z > 0

f1(zx) Z% ( T kg)) em T ER 1 (1 > k).
l=

Let for a,b >0
Lj(a,b) ::/ e f1(x)dx.

Using Fubini’s theorem we get

— i x— k¢ _romd
Ly(a, Z@/ ()) e~ T @R (2 > kb)da .

::I[
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For £ =0,1,... we have

0 14
IZ _ / <>\(.’£ - k£)> 6—7T7Z+/\ (I—Id)_bwd?ﬂ
max(a,kl) 2
A ¢ r—ptA ° r—ptA
() e w M/ (z — k@)ee_( i rb)e gy
K max(a,kl)

¢
()\) o bkt /OO y‘((%*b)ydy-
H (a—k&)+

We now use the fact that for u,v > 0 and n a non-negative integer it holds that

—uv m

> ne=VY o — |6 . (UU) .
w m=0

see e.g. Jameson [4]. Using this result, we get

—(r=EEr 4 p) . (a—ke) L ) ) (g — k)t
/OO yle (g, — E!e( A z+1) (( - +) (a )) )
(a—ke)+ (% + b) m=0 m!
It follows that
o ¢
r—p A —bkl— (LR 1p) (a—ke)*
Ly(a,b) = '
s(a;0) r—u—|—/\+bu§(?‘—#+/\+bﬂ) ’

e (2 ) (@ kept)”
- (5209w

m=0

To get a formula for the value function V using Equation (4), we need to evaluate
Ly for general a > 0 and b= 0, 1:

Ly(a,0) — Oo( A )ée(Tﬁ*%M>+Z“:((”ﬁ)-<a—ké>+)m

— — |
r M+>\£=O r— 4+ A = m/!
oo AN ¢ AN (g — kO)T "
r—p AeTFNT (m22) (akyt (( " )
L 1 == I .
s(a:1) r+ A (r—l—)\) ¢ Z m!
£=0 m=0
We recall that in this case
4 = 1 Cr+Al—eh)
‘" EQ [e=7] r—p .
It now follows from Equation (4) that
AM1—e®
V(i) = oLy (n(idy/z),0) — i 2= 1AL ), 1),
r—
By introducing
T+ A A ek
= = d ==
T Bo — i+ A and [ Y



we can write the value of the optimal stopping problem in this case as

Vi) = all- ) > gt tnamrot 5 (0 =1): (ntidefa) = k))"
m:
£=0 m=0
00 L . m
’ e i s (In(iAc/z) — kO)T)
—’L(l _ 5 ) ﬁ@e a(ln(iA./x)—kl) (Oé
e T
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