Investment problem with switching modes
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Abstract

In this paper we study the optimal control problem of a firm that may operate in two different
modes, one being more risky than the other, in the sense that in case the demand decreases,
the return of the risky mode is lower than with the more conservative mode. On the other side,
in case the demand increases, the opposite holds. The switches between these two alternative
modes have associated costs. In both modes, there is the option to exit the market.

We focus on two different parameter scenarios, that describe particular (and somehow ex-
treme) economic situations. In the first scenario, we assume that the market is expected to
increase in such a way that once the firm is producing in the more risky mode, it is never opti-
mal to switch to the more conservative one. In the second scenario, there is a hysteresis region,
where the firm is waiting in the more risky mode, in production, until some drop or increase in
the demand leads to an exit or changing to the more conservative mode. This hysteresis region
cannot be attained under continuous production.

We then address the problem of the optimal time to invest when the firm knows, a priori,
that may invest in one of these two modes and then may switch. Depending on the relation
between the switching costs (equal or different from one mode to another), it may happen that
the firm invests in the hysteresis region.
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Extended Abstract

In this paper we consider the classical real option problem, the investment decision under un-
certainty (see e.g. Arrow and Fisher (1974), McDonald and Siegel (1986), Trigeorgis et al. (1996)).
We will focus on the choice between two investments (or modes). This problem is usually studied
under assumptions of partially irreversible investments with simple functions for the payoffs.(see,
e.g. Dixit et al. (1994), Décamps et al. (2006)). In our set-up the firm can invest in one of the two
projects (or modes) and after the investment has a possibility to switch as many times as necessary
between them. We want to study how this possibility of switching will impact the investment
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decision. We will use the developed techniques for the valuation of mothballing option, which is
characterized in the literature as sequential switching problem. (see e.g. Duckworth and Zervos
(2001), Zervos (2003), Zervos et al. (2018), Guerra et al. (2018a)).
The uncertainty is modelled by a geometric Brownian motion for the price P; (the only economic
indicator)

dPt = ,U,Ptdt + O'PtdBt,

on a filtered probability space (2, F;,P), where p € R is the instantaneous drift that satisfies
r — p > 0 for the risk free rate » and ¢ > 0 is the instantaneous volatility. The two possible
investments for the firm, (the only risk-neutral decision maker), denoted by I; (the risky one)
and Iy (the safe one). The payoff of the investment in I; during the period of time [t1,ts] is
fttf e~ "*I1;(Ps)ds, where II;(p) are the instantaneous profit functions set as II;(p) = a;p — B;. The
coefficients (3; can be interpreted as (instantaneous) costs of production for the project i, 3; > 0,
also, since the project I is the risky one the relationship that hold are ay > as > 0 and 81 > (.
After the investment, the firm can exit the market, the exit is permanent. The state space after
investment is {Iy, [z, ex}, where I; are transitory states and ex is a stationary (absorbing) state.
The firm can switch between investments incurring in costs: K7is to transition between the states
I; and Iy, and Ko in the opposite direction. The cost of exiting either of the investments is the
same and is denoted by K,,.

The infinitesimal generator of the process is denoted by L. The state of the firm process is denoted
by Z;. The transition between states times are denoted by T;.l’b, the exit times by 7; and S denotes
the set of all admissible strategies. For each s € S the payoff is given by

Jﬁ(zvp) =E,; |:/ e (Hl (Pt)I{Zt:h} + HQ(Pt)I{Zt:IQ}) dt — Kz Z eirleQI{TJ.12<oo}
0 ;
7j=1

0o 00
E : —rT}2 § : —rT2! — —

Ko € 7 I{Tj12<oo} — Ko € J I{TJ.21<00} — Kege 7"7'11{ﬁ<00} — Keze TTZI{7_2<OO}
=1 j=1

where Z 4 is the indicator function.
To avoid the continuous switching we assume that K9 + K91 > 0.
Problem 1 (Switching problem) Find the value function V € C*(0,+00)

V(z,p) = sup Js(z,p) (1)
seES
For the convenience will divide the function (1) into: vy := V(1,p) and vy := V(2,p). After solving
the problem 1 and equipped with its solution we will approach the investment problem. Starting
with a simpler case, when entering the market the firm pays K for either of the investments. Let
us denote by
v* = max(vy,va) (2)

and by T the set of all (Markov) stopping times. Then, we can formulate our first investment
problem as follows.

Problem 2 (Investment problem - same costs) Find the value function Wy € C1(0, +00)

Wi(p) = sup By [ (0" (P;) ~ K] (3)

A more general case, when entering market has different costs, investing in project I; costs Keq
and Ko in I, can be formulated as follows.



Problem 3 (Investment problem - different costs) Find the value function Wy € C*(0, 4+00)

Wy(p) = 51615)_ E, [e*” max{vy(P;) — Ke1,v2(P;) — Keg}] (4)

Switching problem (the firm is already on the market)

We will solve the problem 1 by proposing the solution to it and then show that it verifies the
general verification theorem (see e.g. Knudsen et al. (1998), (Zervos, 2003), Lamberton et al.
(2013), (Guerra et al., 2018b) and the references therein).

The associated HJB equations (coupled quasi-variational inequalities) will take form:

[1] 2] 3]
max{ﬁvl —7’1)1+H1,UQ—111 —Klg,—vl —Kex} =0 (5)
max{ﬁvg —TU2+H2,01 —’UQ—Kgl,—UQ —Kex} =0 (6)

The HJB naturally divide the space into several ‘action’ regions, depending on where each of the
parcels of the above equations is equal to zero. These are: production region, switching region, stop-
ping region, hysteresis region. We will not give a complete classification (division of the parameter
set) as it was done in Zervos et al. (2018)[Section 4.4], as the proofs are similar and calculations
are long, our objective is to illustrate the two interesting (in our opinion) cases.

Case: No downgrading

This is the case illustrated in Figure 1, where it is never optimal to switch from I; to I». We
introduce the following price points for the space division: P;.; - for lower values of p it is more
profitable to exit I;, P»; - for higher values it is more profitable to switch from I to ;.

Figure 1: Case 2
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Lemma 4 For the parameter conditions:
i) TKey — 1 < 0,K12 > 0,K19+ K91 >0
“) TKea: + a2P2,ex - BQ <0

i11) Kop > K;rl, where K;l = API 4 QI#PQ,ea; By K.,

2ex r— T




% > Kex_ (%+K21)

Qa2 Keac - 672

, (7)

there are unique constants A,C,D > 0, Py > P op > 0 and Py1 > Py e > 0, such that the value
function (1) is given by:

—-K s p < 1:)17
'Ul(p) _ { ex 4 ex (8)

Aph +2p =t p> P
—Keg, P < Poex

va(p) = § Cp™ + Dp® + T — %7 Pyer <p< Py 9)
ApdlﬁL%p*%l*Kzl, p=>Pn

The proof is similar to (Zervos et al., 2018), the sketch is as follows.

1. From the verification theorem we know that functions v; have to be of class C! in p, we use
continuity of the functions and their derivatives to set up a system of equations, in this case
two equations with two unknowns for vy and four equations with four unknowns for vs.

2. We prove that the system has a unique solution for the conditions P»; > Ps., > 0 and
Py > Pl,e:): > 0.

3. Then we show that constructed this way functions (8) and (9) satisfy the HJB (5) and (6).

It is worth to give a special attention to condition (7) as it is specific to our case and serves a pur-
pose to eliminate ‘bad behaviour’ of the solutions. The relative gain g—; is higher then the relative

Kez*(ﬁil“rKQl) . .
—=——r———. If (7) was not true, there would be no advantage from switching to

T

increase in costs

exr

a more risky project.

Case: Hysteresis

In this case there is an hysteresis region, where the firm is producing although waiting for the price
either drop then exit, or go up then switch to Is. This region cannot be attained under continuous
production.

Lemma 5 For the set of parameter conditions. There are unique constants A, Cy,Cs, D1, Dy > 0,
Py1 > Pig > Py > Py >0 and Poy > Py ey > 0, such that the value function (1) is given by:

— Ko p < Pl,em
wi(p) = 4 O D = B Pres <p <Py
Cop™ + Dop® + Pl B2 K P, <p< P2
Aph oy — B Py <p
_Kea: p< Pl,em
va(p) = { Cop™ + Dop® + ,ﬁﬁp - ﬁTQ Py <p< Py
LApdl—F%p—%—KQl Py <p



Figure 2: Case - Hysteresis

Investment problem

For problem 2 we will use the functions (8)- (9) to construct the function (2). This is a classical
optimal stopping problem (see e.g. Peskir and Shiryaev (2006)).

Case no downgrading - same costs

The function W has to satisfy the quasi-variational inequality
max {LWs — rWs, (v — K) — Ws} = 0.

We have to look into two different scenarios

1) Pl,ex < PZ,ex U*(p) = (10)
Lemma 6 Under the conditions of lemma 4, assuming that P ey < Poer and —Kqp — K < 0!,
then there are constants By > 0 and v > 0 such that

Byp® p <7

11
Aph 4 ip - B K p>y -

T

Ws(p) = {

LIf this condition is not verified it is always optimal to invest, independently of p, i.e. 7 = 0, making the problem
trivial
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Figure 3: Case: no downgrading, presented in lemma 6, the values for cut points are P ¢z = 1, P2 o, = 0.89,
Py ~ 3.26, p ~ 1.7,y ~ 5.45.

2) P2,e:r < Pl,ex < P21

_Kez p < PQ,em
v*(p) — de1 + Dpd2 4 %p — %, P2,ex <p<p (12)
Aph 4oy — B p=>p

B
=
Although theoretically it can be possible to have solutions of the form (13) described later, eco-
nomically (without free lunches) every solution will be of the form (11) as illustrated on figure 3

There will be three different situations in this case:

Where the p is the solution to the equation Cp? + Dp® + %p — % = Ap™ + T‘i—lup —

i) —K¢p — K > 0 free lunch
ii) —K¢p — K <0 and K > K* only invest in I;

ili) —K¢p — K <0 and K < K* it might be optimal to invest in I,

Case Hysteresis - same costs

_Kez p< P2,e:v
vi(p) = { Coph + Dype + 22p— 2 Py, <p<p,
Aph oLy — B p>p

where § is a solution to Cop + Dop?2 + %p — % = Ap™ + r"i—lup — b

r



Lemma 7 Under the conditions of lemma 4, assuming that P ey < P cp and —Kq, — K > 0, then
there are constants Ay, B1,Bo > 0 and v3 > p > v2 > 71 > 0 such that

Byp p€[0,7)

W) = Cop™ + Dop™ + 22 — 2 — K p€ [y1,7] (13)
A + Byp® P € (72,73)
Apt 4 2p - B K p € [y3,+00).

Case Hysteresis - different costs

This is problem 3. The preliminary results indicate that it might be possible to be optimal to invest
during the hysteresis region.

Acknowledgments

The third author is supported by Portuguese Foundation for Science and Technology grants number
FAROPTDC/EGE-ECO/30535/2017

References

Arrow, K.J., Fisher, A.C., 1974. Environmental preservation, uncertainty, and irreversibility, in: Classic
papers in natural resource economics. Springer, pp. 76-84.

Décamps, J.P., Mariotti, T., Villeneuve, S., 2006. Irreversible investment in alternative projects. Economic
Theory 28, 425-448.

Dixit, A.K., Dixit, R.K., Pindyck, R.S., 1994. Investment under uncertainty. Princeton university press.

Duckworth, K., Zervos, M., 2001. A model for investment decisions with switching costs. Annals of Applied
probability , 239-260.

Guerra, M., Kort, P., Nunes, C., Oliveira, C., 2018a. Hysteresis due to irreversible exit: Addressing the
option to mothball. Journal of Economic Dynamics and Control 92, 69-83.

Guerra, M., Nunes, C., Oliveira, C., 2018b. The optimal stopping problem revisited. Statistical Papers ,
1-33.

Knudsen, T.S., Meister, B., Zervos, M., 1998. Valuation of investments in real assets with implications for
the stock prices. SIAM journal on control and optimization 36, 2082-2102.

Lamberton, D., Zervos, M., et al., 2013. On the optimal stopping of a one-dimensional diffusion. Electronic
Journal of Probability 18.

McDonald, R., Siegel, D., 1986. The value of waiting to invest. The quarterly journal of economics 101,
T07-727.

Peskir, G., Shiryaev, A., 2006. Optimal stopping and free-boundary problems. Springer.

Trigeorgis, L., et al., 1996. Real options: Managerial flexibility and strategy in resource allocation. MIT
press.

Zervos, M., 2003. A problem of sequential entry and exit decisions combined with discretionary stopping.
SIAM Journal on Control and Optimization 42, 397-421.

Zervos, M., Oliveira, C., Duckworth, K., 2018. An investment model with switching costs and the option to
abandon. Mathematical Methods of Operations Research 88, 417-443.



