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1 Introduction

In this paper we investigate the impact of finiteness of projects. We build upon the real options
approach of Dixit and Pindyck (1994) which is used to optimize the capacity investment decision
under uncertainty. In particular we combine the finite project life from Gryglewicz et al. (2008)
in which the investment decision was a timing problem, with the capacity optimization idea
that was carried out for the first time in Dangl (1999) and Bar-Ilan and Strange (1999). We
extend Huisman and Kort (2015) to finite projects. Note that we embed the infinite horizon
too. We consider a monopoly in which a probabilistic event causes the project to terminate,
either exogenously or endogenously. We distinguish between the case in which this can only
happen once the investor has entered the market and the case in which the option to invest can
disappear before the firm actually invested. We can analyse these effects analytically. We also
investigate this in a duopoly in which one event determines the end. In this respect, we derive
the accommodation and deterrence strategies. And we derive the optimal decisions when the
finiteness of both firms are triggered by independent events. This latter case can only be solved
numerically.

In Section 2 we describe the setting of a stochastic finite project life of the projects. In
Section 3 we derive the optimal capacity and investment trigger for the monopolist when having
linear demand. We can distinguish two cases, either the project can terminate with a certain
probability once it has started or the option can terminate with the same probability before the
investment has actually started. We find that, if the option always remains, the capacity is not
affected for the lifetime of the project compared to an infinite project horizon. We investigate the
robustness of this and find that for all demand function that are linear in the risk source X this is
true. We also see that more will be invested. We also derive and analyse the impact of a possible
disappearance of the option to invest. In Section 4 we investigate a duopoly setting in which one
event can cause the end of the project either the investment region or in both the investment and
continuation region. In Section 5 we investigate via ordinary differential equations the duopoly
setting with different probabilities for each firm. For the duopoly we derive the Stackelberg
accommodation, the deterrence and preemption strategy. Note that this is a very preliminary
version. Among others, numerical results, the associated interpretations and comparisons
still need to be added!

2 Setting

Departing from Huisman and Kort (2015), we first consider a monopoly, thus a setting in which

there is one firm who has to decide when to enter the market and how much to produce. The



price at time ¢ in this market is given by the inverse demand function
P(n) = X®((1-nQ), 6))

where Q() is the total market output/production/capacity, 1 > 0 is a constant and X () follows a

geometric Brownian motion
dX() = pX@dt+oX()dW (1), (2)

where p is the drift, o > 0 is the volatility and W (¢) is the Wiener process.

0 ift<ty
The firm produces from the moment of investment onwards, so that Q(¢) =

K ift=1 .
The investment costs are proportional to the capacity K and we assume that the firm produces
up to capacity. Denoting I as investment, we thus have I =K.

The investment problem that the firm is facing is to maximise the expected profit from the
moment f; that the investment is made until the finite horizon on the project T years ahead.
The control variables are thus the time at which the investment is undertaken, and the capacity

level that the firm acquires at ;.

max V(X,Q) = max E[ftI+Te_”Q(t1)-P(t)dt—e_rtjﬁQ(tIHX(O):X (3)
t1=0,Q(t;))=K=0 11=0,Q(1))=K=0 t=t;

where r is the discount rate. We now transform the optimal ¢; by the trigger point X*. Let X*
be the value at which the firm is indifferent between investing and not. Thus for X > X*, it is
optimal to invest immediately, whereas for X < X* demand is still too low to undertake the
investment and thus the firm waits. The optimal investment time ¢; equals the first time that
the stochastic process X reaches this level X*.

We can solve the double maximisation in two steps, first for a given X we maximise V w.r.t.
Q. Both the dynamic programming and contingent claims approach value the real option that is
present in the discussed optimisation problem. The option of waiting is added to the net present
valuation technique. As in Gryglewicz et al. (2008), this paper is based on the contingent claim
approach.

By V(X) we denote the pure NPV value and let F(X) be the option value that solves the ODE

in case of the dynamic programming approach

1 ZXZF//X ! _
50’ (X)+uXF(X)-rF=0 (4)



The boundary conditions are

F(X*) = VX',Q-6Q )
OF(X), _ VxQ ©
ox YT Tox N

Where (5) is the value-matching condition that states that when the firm invests at optimality
the net payoff V equals the option value F. For X < X* the option value F(X) > V(X) —dQ and
thus it is better to wait until F(X) = V(X) — 6 Q after which it is optimal to invest and receive the
value function V. And (6) is the smooth pasting condition.

To find F(X) the ODE has to be solved which can be done by introducing/guessing a func-
tional form, which we call the Ansatz and check whether this solves the ODE. The Ansatz is

F(X) = AXxP @)

where A has to be determined and f is a known constant that depends on o, 1, u.

The lifetime T is random and follows a Poisson process. At any time ¢ the project terminates
with probability Adt. The cumulative probability that the project terminates before ¢ from the
initial time zero onwards, equals 1 — e *. And the density of the Poisson distribution is e *%.

We first investigate the demand and capacity for a monopolist, whereafter we consider a
duopoly.

3 Monopolist

The optimal strategies of the monopolist can be obtained by two different procedures; either
by maximizing the expected payoff in (3) under the additional integration with respect to the
termination probability to derive the optimal capacity and subsequently use the value matching
and smooth pasting condition to derive the optimal trigger. Or by applying the same operations
to the ordinary differential equation, i.e. the instantaneous objective. Throughout the paper we
use the ODE method, especially suitable for the more complicated duopoly setting.

The value of the project at time ¢ can be expressed as the sum of the operating profit over the

interval (¢, t + d ) and the continuation value beyond ¢ + dt.

M _ . M . i M
rV*(X,Q) =Profit (X’Q)+}ilt11r(l)th[dV ] 8)



where by Ito’s Lemma

ovM 16°vM
EldVM] = —uXdt+ -

2v2 M
X2dt+ Adt0-V
0X 2 oxz ¢ ( )

Together the stopping region is described by

r+0)vM = Kxa- 1<)+M X+1M02X2
- 1 ox M T2 ox2

and thus the non-homogeneous equation is

A (kxa 0+ e LIV o ?)
o+l 1 OX'u

The homogeneous equation (terms involving value function) is

ovM 16°VM
ax Mgy o X v

with solution
vMx) = B XPi+B,xP

where ) > 1, 8, <0. For a particular solution of the total equation we propose

vM(X) = aX+b
(r+AM)(aX+b) = KX(1-nK)+auX
K(1-nK)
a = ————
r—u+A
b = 0.

The total solution is the sum of the homogeneous solution and particular solution

XK(1-nK + -
yMyy = KA=0K)p kLB, XA
r—u+A
with boundary conditions
vM@o) = o
lim VM(X) = wX
X—o00

)

(10)

(1D

(12)

(13)

(14)
(15)
(16)

17)

(18)

(19)
(20)

Since f; <0, X1 will go to infinity when X goes to zero. Thus (19) leads to B, = 0. And (20)
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refers to the exclusion of speculative bubbles, i.e. in the limit the value function is linear in X

where w is a constant implying B; = 0. Thus, if the solution is of the form

VMX) = aX+b 21
then we get
(r+AM)(aX+b) = KXA-nK)+auX (22)
and thus
K(1-
KA -nkK) (23)
r—-u+A
b = 0 (24)
XK1 -nK
vMx) = XK(1-1K) 25)
r-u+A
Derivative of VM — §K w.r.t. K yields
ovM—_ck 0 26)
0K B
1 O(r—
K*(X) = _(I_M) 27)
2n X

The continuation region, under the assumption that the option to invest always exists, is defined
by
M 2 =M

Y = =X+ o0 X (28)

which solves for a form of FM(X) = AXP. If the option to invest can stop before the project has
begun then the continuation region is defined by
orM 16°FM

FM = ——uX+-
d ox M T2 ox2

0°X? + Ad (0 - FM) (29)

which solves for a form of FM(X) = AﬁX XP1. We continue the derivations with B, however § can
simply be replaced by 8] to incorporate the probability of a final continuation time. The value

matching condition is

vM_sKk=FM (30)



and the smooth pasting

ovM(x) orMX)

31
0X 0X GD
together they imply
ovM(x) " )
—— = (V" (X)-06K)BX 32
X (V7(X) )p (32)
to get X.
. B 6(r—p+A)
X (K) = 33
(K) -1 1-1K (33)

Theorem 3.1. The optimal capacity and investment trigger for a project with a lifetime that

terminates with probability A equals

XMy = (r_‘;) PLAR ST Loh (34)
1
KMy* 35
o np+1) (35)
We obtain A via plugging in the optimal K* and X* in VM(X) - 6K = AXP
)
VM(X)-6K = ——— 36
- np*-1n (36)
A = VvMx)xH)F (37)
5 ﬁ+1)—/3
A= ———|r-p+M)o—> 38
n(ﬁz—l)((r Jz )[5—1 (38)
B
gl i)
Agr = —— |(r—-pu+1)6-—-— (39)
p +_
ton(8))* ) i1

and S by the continuation region, i.e. the second-order homogeneous differential equation for
which we try the function AXP, for which we see by substitution that it satisfies the equation

provided S is a root of the quadratic equation

1
5azﬁ(ﬁ—l)ﬂuﬁ—rzo (40)

Two contrary effects on capacity size K*: Given X, the firm invests less for larger 1. And simulta-

neously, since the trigger for the finite project is higher than for projects of infinite length, the



firm invests more. These two effects exactly cancel out resulting in the robust capacity decision.

In case of a final continuation time, the f, is defined by the positive and negative root of

1
EUZ,BA(,BA —D+uBr—-(r+1)=0 (41)

Since f, is increasing in A, this implies that the capacity will be lower in case of the possibility
that the option to invest can terminate before the monopolist has invested compared to this
option to exist forever and compared to no ending at all. The moment of investment will be later
if the project is finite compared to the classical situation where the project cannot end. Though
when also the option of the project is finite, the moment to invest happens earlier than without
a finite option time. However, compared to an infinite project length it is ambiguous what is
dominating, the increase in (X My* que to A or the decrease due to the indirect of A via B. In this

case the capacity decision is affected by A.

3.1 Isoelastic demand

We now replace the linear demand function by an isoelastic demand function in which the price

at time ¢ in the market is given by
P(t)=X() Q)7 (42)

where y € (0,1) is the elasticity parameter. We assume that the investment costs are of the form
0o+ 61K. The value

1 vM 10°vM
VM = X+ —puX+ o? X* 43
2l ox X+ 35z X’) (43
The homogeneous equation (terms involving value function)
ovM 10°vM
= —uX+-——0?X2-(r+ VM 44
ox Mg o A (44
has as solution
vM(X) = B XPi+ B X (45)



where 81 > 1, 8, <0. For a particular solution of the total equation we propose
1 1 p q prop

VM(X) = aX+b (46)

(r+M@X+b) = K'"X+auX (47)
K

- = 4

“ r—u+A (48)

b = 0. (49)

The total solution is the sum of the homogeneous solution and particular solution

XK"Y . -
VM) = = +B X +B, XA (50)
r—u+A
with boundary conditions
vM@o) = 0 (51)
)}im VvMX) = wX (52)

Since §; <0, X Fr will go to infinity when X goes to zero. Thus (19) leads to B, = 0. And (20) to
B; =0. Thus, if the solution is of the form

VM(X) = aX+b (53)
then we get
XK-Y
vMx) = —/—— (54)
r—pu+A

Derivative of VM - §, — §; K w.r.t. K yields

OVM _5,-6,K
0K

=0 (55)

(51(r—,u+/1))_%

K*(X)
1-nX

(56)

The continuation region is defined by

oFM 102FM
X 22

J ) S
' ox M2 ex2 C 60



which solves for a form of FM(X) = AXP. The value matching condition is
vM_§,-6K=FM (58)

and the smooth pasting

ovM(x) orMX)

0X 0X 59
together they imply
ovM(x
( ):(VM(X)—éo—élK)ﬁX_l (60)
0X
to get X.
% ﬁ (50+51K)(I’—/.L+A)
X (K)= 61
()= 5= o (61)

Theorem 3.2. The optimal capacity and investment trigger for a project with a lifetime that

terminates with probability A equals

. Bly—16y
K —_— 62
(1-py)6: (62)
. 61(r—,u+7t)(ﬁ(y—1)60)7
X = 63
1-y (1-py)b: (63)

3.2 Generality Multiplicative

In general, we can conclude that for all demand functions that are linear in X (¢) and the option
to invest cannot end before the project has started, the optimal capacity is independent from the

lifetime of the project.

Let
P(1)=Xf(Q) (64)
then the value function becomes
My = XK (65)
r—-u+A
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Derivative of w.r.t. K yields

ovVM—-60-6:K 0 66)

0K B

X df(K) _
r—,u+7L(K 0K +f(K))_51 =0 67)

The optimal K*(X) is defined by the implicit function above. We use the Ansatz F(X) = AXP for

the value matching and smooth pasting conditions

vM(x
0 ax( Do M0 -89 61K pX ! (68)
K f(K) BKf(K) (60+61K)p
= - (69)
r—u+A r—-u+A X
This results in
« ,6 (60+51K)(r—u+/1)
X" (K 70
(K) 51 KF K (70)
If we plug X™* (K) into the implicit function, we find that K* does not depend on A as
,3 (50+51K)( af(K) )_ _
5-1 KK K 3K +f(K)|-61 = 0 (71)

The f is obtained from plugging the AX” into the continuation region (57) which is independent

from A.

4 Projects end with one event

4.1 Follower

For firm 2, the follower, in a duopoly the value function equals

1
rVP(X,Qr, Q) = Profity (X,Qr, Q1) + lim EE[dVé’l (72)
t
where
ovpb 0%vb
E[dVP] = —L uxdt+-—L ?X%dt+Adt(0- VP 73
AVE) = —— T 0-VvP) (73)

11



since if the project terminates, the value function of firm 2 becomes zero. The profit function is

P-Q when both firm 1 and 2 are in the market,

Profity = KpX(1-n(Kg+K))

This leads to the ODE
vp (KeX (1 =n(K + K1) Ve s L2V
= — - + K1)+ —puX + -
R T T A R P e

The homogeneous equation (terms involving value function) is

ovP 10°VP
0 = —uX+o—F o X =+ VY

having as solution
VP(X) = B XPi+B,xP
where ,BX > 1, 8, <0. A particular solution is

VP(X) = aX+b

(r+A)(aX+b) = KpX(1-n(Kpg+Kp)+auX
Kr(1—n(KFr +Kp))
r-pu+A

a =

b = 0.

Such that the total solution is

Kp(1 =n(KF + K1)

vP(X) = X+ B, XP1 + By XPa
r-u+A
with boundary conditions
V20) = 0
lim VP(X) = wX
X—o00

This leads to B, = 0, and B; = 0. Therefore the solution is

KpX(1-n(Kr +Kp))
r-p+A

VPX) =

12

(74)

(75)

(76)

(77

(78)

(79)

(80)

(81)

(82)
(83)

(84)



Maximizing w.r.t. Kr.

oVP —6rKp
0Ky -
X(1-n2Kr+Kg))
-0 = 0
r—u+A
And thus
1 Or(r+A-— 1
KXk = —[1-2EUEATH) L
2n X 2
1
= Kp'(0-5K
The continuation region is defined by
OFP 10*FP
FP=—Lux+-—~Lo*x*+1(0-FL?
TFEex HE T a2 7 (0-F¢")

The continuation value has the form
FP(X) = AXF3
where 3, solves
1 2
5,31(1 —Po+ap—(r+1)=0,
The value matching condition is
VP —6pKp = FP

and the smooth pasting

VP (X) OFF(X)
X 00X

together they imply

VP (X)
0X

= (V@ (X) = 6rKp) 5 X!
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(86)

(87)

(88)

(89)

(90)

oD

(92)

(93)

94



to get X.

By Sp(r—p+A)
,3;—1 l—n(KF+KL)

X;(Kp, K) = (95)

Theorem 4.1. The optimal capacity and investment trigger of the follower for a project with a
lifetime that terminates with probability A and

(i) if the option exists forever then

(r—u+A)orp+1

XDy (Kp) = 96

(XE) " (KL) -k, B-1 (96)
1- T]KL

(KE)* (Ky) 97)
FLET (g1

(ii) if the option can terminate before the project started with probability A then
(r—u+A)og .31"‘1

XDy (k 98

(Xg)" (KL) Tk, B -1 (98)
1-nKg

(KP)'(Kp) = ———= (99)
B B+ n

4.2 Leader
4.2.1 Accommodation

The leader knows the strategies of the follower, and anticipates to these by the Stackelberg

accommodation strategy as follows.

1
rVP(X,Kp,Kp) = Profit? (X, K, K1) + lim %]E[dVLD] (100)
where
aVD 1 2yv/D
EldvP) = ﬁ,uxdmé an o’ X2dt+Adt0- VD) (101)

Now we know the strategy of firm 2, thus

Profit? = K X(1-n(Kp(X,Kg)+Kp) (102)

14



This implies that

VP ! (KX (1=K +KD) VL x4 LIV
= —— - +Kp)) + ——puX + -
T DL S e T N ) e

The solution of the homogeneous equation (terms involving value function) is

ovpb 10%VP
= ﬁuiﬁ EO—XgaZXz ~(r+ VP

vP(x) B XP1 + B, xPa

The particular solution (terms without value function) is

VP(X) = aX+b
(r+M(@X+b) = KX(1-nK;+Kp)+auX
Kp(1-n(K} +Kp)
a =
(r+A-p)
b = 0.

The total solution is

Kp(1 - (K +Kp))

VPXx) = X+B,XP1 + B xP1
- (r+A-u)
r+A-u
with boundary conditions
VP20) = 0
lim VP(X) = wX

Thus both B, = 0 and B; = 0. And therefore

K;(1-n(K:+K,
L0 -n(KG + K1)

vPxy =
LX) (r+A-p)

Now we get Ky by

oVP -6.K;
0K
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(104)

(105)

(106)

(107)

(108)

(109)
(110)

(111)

(112)



where we have plugged in K (X, K}),

B (26 -0p)(r+A—-p) 1

K'(X) = [1 113
1 (X) % 2n (113)
First plug K z (X) in VLD to get
5 (X+6p-26) 7 +A—w)
vP(x)-6.K; (114)

8Xn(r+A—-p

and then by the value and smooth pasting conditions we solve for X; (K;). The stopping value
is determined based on either the assumption that the option to invest always exists or on the
assumption that the option to invest can disappear for both firms with different probabilities.

These imply

(i) F(X)= AXP if the option always remains (8 is without A).

(i) F(X) = AﬁX XP1 if the option to invest can vanish before the firm has invested
Case (i):

VP (X)
0X

= (VPX)-8.K)pX ! (115)

for X7 (K7).This gives two solutions.

. —OF=260)(r+Ap— )
Xy = { _ (+P)6F—=261) (r+A—p) (116)
(B-1)
The one with £ is the optimal decision, and
K =K;(X]) = 1 (117)
L L\AL 1+ B)n
This coincides with the Huisman and Kort (2015) solution for A = Ay, =0, as
Op—206)(1+ -
Xt = _(OFp=20p)A+P)r—p) (118)
(-1
and
K5 = 1 (119)
L (1+B)n
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Case (ii): The same as case (i) but then replace 8 by ,BX.

Theorem 4.2. The optimal capacity level and moment of entry for the follower and the leader in a

Stackelberg accommodation equilibrium, based on a project that terminates with a probability A

for both the leader and the follower and

(i) if the option exists forever then

_(1+,3)(5F—25L)(7”+/1—p)

TN = B-1

1

Kacc — K* —

(ii) if the option terminates by one event with probability A for both firms then

(1+ﬁ1)(6}7—251)(r+ﬂ—ﬂ)
(,3,7{—1)

acc _ v _
XL _XL -

1

K&lCC :K* —

We define Xlt hres,acc aq

thres,acc thres,acc
X = Xp Q[ (X ))

where X; = (X?)* (K;7) is (96) or (98) and Ql‘f“ = KZ‘ (X) is (113). Thus

(i)
(1+3,B)6F+26L(1—ﬁ)
p-1

Xlthres,acc = (r—p+A)

(ii)
(1+36})0F+26.(1-B7)
Br-1

Xlthres,acc = (r—p+A)

4.2.2 Deterrence

(120)

(121)

(122)

(123)

(124)

(125)

(126)

For the deterrence strategy, the leader takes the strategy of the follower into account. Given the

current level of X, the leader knows that the follower will invest later if it chooses its capacity
K1 = K such that X (Kz) > X. Thus the leader aims at letting the follower wait, this is called the

deterrence strategy. As long as the demand level is low enough, the leader is a monopolist.

17



The value function of the leader at the moment of investment for the deterrence strategy is

given by
- DM s 1 D : *
rVLD(X,Kp,KL) _ Profit™(X,Kp, Kr) +limg o 7 EldV,”]  if X < X[(KL) (127)
ProfitPP(X,Kp,Kp) +limgs o = E[AVP] if X > X7(K;)
where
ProfitP™ = K X(1-nKp) (128)
ProfitP? = K X(-n(Kp(Ky)+Kp)) (129)
VP 10°VP

EldVP] = ﬁ,uth+Ea—Xliazdet+/ldt(0—VLD). (130)

For X < X (Kp) the leader is still the only investor in the duopoly and thus acts temporarily as

the monopolist which we denote by DM. The associated ODE is

0 DM laZVDM
r+WVPM = K X(1-nKp) + —2—pX+-—L—0%Xx? 131
(r+ )V} LX(1 =KD + —e—pX + o (131)
the homogeneous solution is
avDM ]_OZVDM
0 = ——puX+o— o o? X2 = r+ DV (132)
VPMxy = BEMXxFi4 BPMxhi (133)

where } > 1, B, < 0 solve (209). And the particular solution to the total differential equation
with VPM(X) = aPM X + bPM leads to

r+A)@Mx+pPMy = K XQ-nKp)+aPMux (134)
K;(1-1K,
g = Rldonk) (135)
r+A-u
p°M = o (136)
Thus the total solution is
+ — K ]._ K
VPM(x) = BPMx#i 4 ppMxh;  KLLZTRD o (137)
r+A-u
and the boundary condition is
vPMo) = o (138)



which leads to BéjM =0. But BlDM # 0 because if X goes to infinity we leave the monopoly state.

Hence
+ Ki(1-nkK
vPM(x) = pPMxsi KLULZNKD o (139)
r+A-u
where 7 is the positive root of (209).
For X > X (K1) the ODE is
GVDD 1 02 VDD
r+ MWVPP = K X(1-n(Kph(Kp) + Kp) + —2—pX + = —=—a? X? 140
( Vi XA =n(Kg(KL) + K1) ax Mt 5%z (140)
the homogeneous solution is
= 0} ,uX+§—a;2 o’ X* - (r+ VPP (141)
vPP(x) = BEPxPi+BPPXF (142)

where 7 > 1,6, <0. And the particular solution of the differential equation with VLD (X) =
aPP X + bPP leads to

r+0)@”Px+p"P) = K X1 -nKi(Kp) +Kp) +aPPux (143)
K (1-n(K5(Kp) + K
aDD _ L( T’( F( L) L)) (144)
r+A-p
PP = 0 (145)

Thus the total solution is

N - Kp(I1-n(Ki(Kp) +Kp))
VPP(X) = BPPXPi4BPPxPi4 o TP DT ALy (146)
r+A-pu
and the boundary condition is
VPP = o (147)
lim VPP(X) = wx (148)
X—00
which leads to BP?P = 0 and BPP = 0. Thus
Proposition 4.3.
+ Kp(1-nK,
vPM(x) = poMxsi Kel=nko) o (149)
r+A-pu
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and

Kp(1=n(K;(Kp) + Kp))
r+A-p

VPP(x) =

(150)

However, VLDD occurs when X > X ;i (K1) and thus coincides with the Stackelberg accom-

modation strategy. Therefore for deriving the deterrence strategy we only need to concentrate

on
1
rvPM(X,Kp, Kp) = Profit?™ (X, Kp, K1) + lim d—t]E[dVLD]
t

Though we also need the DD part to obtain BPM.

(151)

At X = X, (Kp) = (X I’? )* (Kr) which is either equation (96) or (98) and (K 19 )* (Kr) which is given

by either equation (97) or (99), it should hold that

VPM(xr(Kp) = VPP(XEKD)
N - Ki(1-n(K:(Kp) + K,
BIJD)MX/;“rKL(l nKL)X _ (1 —=n(K;(KL) + K1)
r+A-u r+A-pu

which we can solve for

— KK (Kp)

gbM
! r+A-pu

X5 (k) A

Depending on whether the option of the follower is finite or not this implies

@

BlDM _ —-Kip(1-nKp)

(r—,u+/1)c,6+1)1‘ﬁir
r+A-wp+1)

1-nKp p-1

(ii)

gov _ _—Kil-nKy) (r—p+ e pr+1)' P
! r+A-w@Bi+1\| 1-nK, BI-1

After this, solve for K; by

ovVP -81K, 0
0K,

and use the smooth pasting and value matching condition to obtain X;.
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Since VLD D is exactly the same as the Stackelberg objective, we know already what the strategy
in that domain will be.

For VLD M in case (i) we have

—Ki(1-nKp) ((r—p+1)cﬂ+1)1—ﬁ1 +  Kp(1-nKp)
vPM(x XPry—— T x 1
L X r+A-wP+1H\ 1-nKp p-1 ' r+A-u (158)
—KL6F( X(1-nKy) ﬁ—l)ﬁI K.(1-nKy)
X 1
B—1 \—p+0op fp+1)  r+i-p (159)

while in case (ii) all §’s are replaced by ;. Maximizing with respect to K; gives the following first

order condition.

ovVPM -6 K
L 1
3K 0 (160)
¢(X,Kr) = 0 (161)
—6r [ X(-nKy) p-1\P
X,Kp) =
P K1) ,B—l((r—/,t+7t)6p,6+1
+‘KL5Fﬁ1( X(A-nKy) p-1 ﬁz_l( — X1 /3‘1)
-1 (r—p+AN)oérpB+1 (r—p+AN)6rp+1
" (1 _ZnKL) X — 5L (162)
r+A-p

~ —6F(1—(ﬁ;+1)nKL)( X(1-1Ky) ﬁ—l)ﬁX
 (B-DA-nKp) \r-p+)épp+1

A oL (163)
r+A-pu

From this equation, it can be derived that the optimal entry deterrence capacity level is increasing
thres,det
1 )
below which an entry deterrence strategy will not occur. Then, the demand level is simply too

Xlt hres,det ;o implicitly determined from putting

in X. It follows that by putting K; equal to zero a value for X is found, denoted by X

low for an investment to be profitable. Hence,

thhres,det’ above

K} equal to zero in ¢p(X,0). Also an upper bound exists, which we denote by
which entry deterrence cannot occur. The rationale for this is that for large enough X the output
price is so high that it is always optimal for both firms to invest. To determine X, hresdet \yhich
is by definition the lowest value of X for which the follower invests at the same time as the leader,
we should recognize that it should hold that the entry deterrence threshold is such that it equals
the follower threshold. We define X" ¢%9¢' a5

X;(KLdet(XZthres,det)) — thhres,det (164)
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For this reason we substitute equation (96) for X into (161) leads to

(1-2nKp) (B+Ddp  Or(= (B} +DnKp)

-0.=0 (165)
1-nkp  f-1 B-DA-nKk) "
so that
Bér—(f-1)0L
Kr = (166)
LT nBOE—61)+8r+81) + (B-BOF
Substituting this into (96) or (98) gives
(i) if the option exists forever for the follower
(BOFr—61)+0p+061+(B—POF) 1
thhres,det = (r—p+A) pr L F L+ p 'B’l Fp+ (167)
1+(,B—,B/l) -1
(ii) if the option can end for the follower
thres,det pr+1
X2 res,det  _ (r—’u+/l)(’6j{(61:—§L)+5F+6L)'3+ 1 (168)
t—

Before the leader has invested, thus when X < X fle ! the firm holds an option to invest. The
option value is The stopping value is determined based either on the assumption that the option
to invest always exists or on the assumption that the option to invest can disappear for both

firms simultaneously. These imply
(i) F(X)= AXP ifthe option always remains (f is without A1).
(i) F(X)=AX Bl if the option to invest can vanish before the firm has invested

Case (i): The value matching and smooth pasting condition together lead to

ovPM(x
La—x() = (VPMX0) -8 K)BXTT (169)
XKp(1-nK +
rL_i(_/l_nuL)(,B_].)_aLKLﬁ'f‘BlDMXﬁ/l(ﬁ—ﬂj{) =0 (170)

TO BE ADDED: Numerical results.
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Case (ii): The value matching and smooth pasting condition together lead to

oVPM(x)
La—x = (VM-8 KD X! (171)
XK (1-nKp)
ﬁ(ﬁ} ~1)-6.K 8, = 0 (172)
so that the leader threshold is given by
tr1
A
and
Kdet _1 (174)
L (B + 11

All results are equal to the infinite horizon case in which r is replaced for r + 1. And A is included

in the S if the event that the project can terminate both before it has started is incorporated.
Proposition 4.4. In case (ii): The optimal capacity level of the leader satisfies
Qget(Xget) le < Xziet

QX)) = Qlel(Xx)  ifxfel<X<X (175)
Qe (X) ifxX>X

where X = min{X € (Xlthres’“cc,thhres’det) ‘VL“CC(X) = Vlfm(X)}.
The value of the leader is given by

p
(X?e,) viaerxdety  fxX < xdet

Via,X) = Ve (X) ifxfe<X<X (176)
VA°e(X) ifx>X
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By +1

Xziet - ﬁ5L(r+/l—u) (177)
A

dX, K = 0 (178)

acc (26L—5F)(r+)t—u)) 1

xX) = [1- — 1
K; " (X) ( X 2 (179)
thres,det By +1
XL res,de -~ (r—u+/1)(,61(6F—6L)+6F+6L)'6+ 1 (180)
e
(1+3B8N)6r+267(1 -8

Xlghres,acc — (r—,u+/1) ﬁl F L 'B/l (181)

Pr—1

ﬁ+
~Kibp [ X(1-nKp) By —1\"* K (1-nKp)
VPM(x) = yiet(x) = L7F A X (182
L (=) B —1\(r—p+M6r B +1 i r+l—pu (182)
VP = vpeex) = SHITIREERD) (183)
r+A-u

2

acc D B _ (X+(6F—26L)(r+)t—u))
viex) =vPx -k = SXT A1) (184)

5 Duopoly

In this section we consider competition in the terminating project life’s investment problem.
Let Qr = Q; be the capacity of the leader and Qr = Q; of the follower. The total production in
the market is Q = Q; + Qr. Given the investment of the leader, the follower cannot influence
the leader’s decision and the follower has to determine the optimal trigger and capacity given
the leader’s strategies. Thus we look for Q(Qr) and X} (Qy), that is why we first solve for the
follower.

The value function of the follower is denoted by V;; and depends on X, Qr, Q. As long as
the leader is in the market, the demand is determined by both Q and Qr but after the leader’s
project terminates, the total demand implied by Qr is for the follower. Therefore, we first derive
the value function for the follower based on the assumption that the leader leaves the market
with probability A d ¢.

5.1 Follower

We refer to the follower as firm 2. Recall the demand function

P(t) = X(@®)(1-1nQ(0), (185)
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where
dx = pX®dt+oX()dW(r), (186)

and discount rate r. For firm 2, the follower, in a duopoly the value function equals

1
rVP(X,Qr, Q) = Profitl (X,Qr,Qp) + tliirl%E]E[dVFD] (187)
t
where
D aVD 1 ? D 2 M D
IE[(,iVF]_a—XdeHE X P o?X2dt+ Apdt(0—VP) + Apdt (VM - vD) (188)

since if the project terminates, the value function of the follower becomes zero and if the project
of the leader terminates, the follower becomes a monopoly with value function Vléw . From the

previous section we know

1 1

AR
V' —6pKp = XKp(1-1Kg)

—— |- 6FK, 189
r—u /1F r—u+Ag ERE (189)
Which is the same as (25), without the costs § pKr
XKr(1-nkK
vM) = XEe0-nke) (190)
r—u+Ag

we plug in the above equation for general K and X. And the profit function is P - Q when both
firms are in the market,

Profitf = KeX(1 —n(Kr + K1) (191)
This leads to the ODE
ovyp 10%2VvD
vD = KX -nKr+Kp))+ X+-—2L g2x2 4 A, VM 192
E (r+/lF+/1L)( FX=n(Kp+Kp)) 0X ax H 2 0X? g L F) (192)

The homogeneous equation (terms involving value function) is

0 ovy 10V 2X2 —(r+ Ap+ADVP (193)
= —(r+Ap+
ax s aX2 g FrALVE
having as solution
D _ By Ih
P(X) = BiX L4 B,X L (194)

25



where ,B/J{FL > l,ﬁin <0

A particular solution is

VP(X) = aX+b
XKr(1-1nKF)
VIM(X) _ F NKF
r—u+Ar
(r+Ap+AD)(a@aX+b) = KFX(l—n(KF+KL))+auX+VéVI(X)
L - Krp(1=n(Kf + K1) + 7= ﬂ+1 Kr(1-nKF)
B r—u+Ap+Ag
b = 0.
Such that the total solution is
Kr(1—n(Kr+Kp)) + Kp(1-nKF) + -
VP = T X+ B X e 4 B, x e
r-p+Ap+Ag
with boundary conditions
VP20 = 0
Jim VPX) = wX
This leads to B, = 0, and B; = 0. Therefore the solution is
KrX(1-n(Kr+ Kp)) + KrX(1-nKF)
VFD(X) _ r— p+/1
r—u+Ap+Ag
Maximizing w.r.t. Kr.
oVP —6rKp
0K B
X(1-1@2Kp + Kp)) + == X (1 - 27Kp)
-0 = 0
r—u+Ar+Ag
And thus
(r+Ap—pwA-nKp)+Ar Op(r+Ap—uw
K,‘?(X,KL) F— U nKL L OF F—H
2n(r+Ap+Ar—w 2nX
Ki(r+Ap—
_ KI];V[(X)— L(r F— M)

2(r+Ap+Ar— W)
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The continuation region is defined by

p1 _ OF 1 PFRY 252 M _ D1 . M
D rFPt = S uX + 550" X2 + AL (Fy' - FR') if0< X < (XM)*
I’FF . SED? 2 FD2 (207)
rFR? = SuX+ 55502 X2 + AL (VM - 6pKp - FP2) i (XM)* < X < (XF)*
where (XM)* is derived in (34)
. +1
XMy = (- pt ApoED
B-1
Or in case we incorporate the probability that the project ends before it has started, then
By +1
XM = r-pr AR — .
A
F
The continuation values have the form
i A XD+ A, X a0 < X < (XM)*
Fp(X)= gt b (208)
As X"+ A XP if (XM)* < X < (XY

in the homogeneous part. Since F IL;? 1(0) = 0 it follows that A, = 0. By plugging these forms into
the ODEs above we obtain that

1
B - Ba,)o%+ B, p—(r+ A1) =0, (209)

where ,B:{L is the positive root of this equation, and 'BL the negative root.

A particular solution with Ansatz F 1‘? IX)=a(AsX ﬁf”) + ¢ solves the non-homogeneous equa-
tion for A5 = A and 5 = f coming from FIZ:VI(X) = AXP where A is derived in (38) or 5 = ,Bj{F and
A is adjusted accordingly.

aFI?I 1 aZFDl

D1 _ F 22
(r+ADFP = — X+ S —m0® X2+ A AXP (210)
1
(r+Ap (aaxP+c) = aAXPp+ 5 aAXPp(p-10" + 1,AX" 211)
AL
a = : -=1 (212)
r+Ap—pu—pz(B-Do
c =0 (213)
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Hence the total solution is, in case (i)
FPY(x) = A1 xPh + AXP (214)
or, in case (ii)
FPU(X) = 4 X7 +Aﬁ1FXﬁ3F (215)

where only A; is unknown. A particular solution for F I’::)Z (X) has to solve

D2 f ’ 10°F JID) ’ 2v2 M M M
(r+ADFE? = — S pX S — o X2+ A (Vi (X KR (X0) - 6K (X))
(216)
where K I{YI (X) is a function of X. Plugging (27) into (25) minus the costs yields
VM (X, KM(X)) - KM (X) (X=0r(r—p+An)" 217)
FERTE FoF an(r-pu+Ap)X
Therefore we propose a functional form of F EZ(X ) = aX + b+ cX~! which solves for
AL
a = (218)
an(r—p+Ar)(r—p+Ar)
Ard
b = ———EFF (219)
2n(r+Ar)
AL82 (r — p+ Ap)
¢ = MOp(r—p+Ar) (220)
(r+p+AL—02)4n
Hence the total solution is
FP2(X) = A3 XPh + A, XP0 + aX + b+ cx7 221)
where Az and A4 are unknown.
Both A3(A;) and A4(A;) can be obtained by the equalities that
FRYx™My = FR2(xM) (222)
OFP (X) OFP*(X)
—_F - = £ (223)
0X Ix=xM 0X Ix=xM
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Leading to, in case (i)

ﬁ+
c+py )+ Xu (AX}@,(/S - B3 ) +aXu(By, —D+bp; - A1X, (B, —B)

1-p7 _
X, " By, =Bz

c+ B4 )+ X [AXP (B- Bt )+ aXu (Bt —1)+bB*
A4 _ AL ( M AL AL /IL) (224)

1-B;
X, " By, —B})

and to, in case (ii)

P P
c(+p)+Xu (AXM“ By, = B1,)+aXu(By, =D +bpy, — A X" (By, - B7)
Az = R {225)
XM ('B/IL B 'B/IL)

ﬁ+
o1+ B )+ Xy (AXMAF (6] —B1)+aXu(B] —1)+bp;
Ay = e (226)
XM (ﬁAL _ﬁAL)

The value matching condition is

V2 (X) - 6pKr

KpX(1=1(Kp + K1) + =2 Ke X (1 - nKp)

FR*(X) (227)

_6pKr = AsXPl+ A XPN v aX + b+ cX238)
I’—,U+AF+/1L
at X = Xr and the smooth pasting
VP (X) OFP?(X)
= — (229)
0X Ix=xg 0X Ix=xp
A
Kr(1—n(Kp + Kp) + 7= Kr(1 = nKF) " -
p+AF + By -1, - B -1 -2
= A3 XA T+ B Ag XA +a—-cX 9230
r—u+Ap+Ag Pi, As XM i, Aa X a—cX (230

together they imply at X = X

OFR*(X) D2
o5 X~O0rKr = FPAX) (231)
As(ADX A (B, 1) + A(ADXPR (B, 1) = SpKP(X,Kp)+Db (232)
AL

= §p|KB(X,Kp) - ———— 233
F(F( D i (233)

_ 5_F((r+/lp—,u)(1—17KL)+/lL_5F(r+AF—u)_ AL
-2y (r+Ap+AL—w X (r+Ar)
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to get Xr(A;) and we re-use the value matching condition to get A; at X = X

VP (X)-8pKp = FR*(X) (234)
KP (X, KD X1 -n(KP (X, Kp) + Kp) + r_ﬁilp KR (X, Kp)X(1 -nKP (X, Kp)) b
—-6FKgp (X,K})
r—u+ /11: + /lL
= As(ADX 1+ A,(ADXPA + aX + b+ X! (235)

Since Xr(A;) has to be solved numerically, we need to solve for Xy and A; simultaneously. For
fixed K; we can find the roots of Xr and A; (FindRoot, but it matters a lot where we let the root

search start from!!!)

Theorem 5.1. The optimal capacity level and moment of entry for the follower given the leader’s
strategy, based on a project that terminates with a probability Ay, for the leader and Ar for the

follower are

(7’+AF—,U)(1—17KL)+AL _6F(r+/lp—u)

KP(x*: K 236
F (Xp K1) 20(r + Ap+ AL — ) 20X} (236
Xp(Ky) = numerically (237)
The value of the follower is
FPY(X) ifX <Xy,
Ver, (X,K) = FPA(X) ifXy < X<X;(Kp) (238)

VP(X)-6pKR(X,K) if X = X} (Kp)

(i) If the option exists forever then As and A4 are defined by (225) and F FD L(X) is defined by
(214) with B and A given by (38) and (40) with the parameters set for the follower.

(ii) If the option can disappear before the project has started with probability A then As and
Ay are defined by (225) and F 1? Y(X) is defined by (215) with ﬁj{F and AXF given by (39) and
(41) with the parameters set for the follower.

As a sanity check; This is equivalent to the equations (34) and (35) for the monopolist if we

assume that Ky = 0.

5.2 Leader

We refer to the leader as firm 1. We can differentiate two cases for duopolies with probabilistic

termination of projects
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* Stackelberg accommodation
* Deterrence

If both firms optimize their strategies simultaneously, we obtain the Cournot accommodation
equilibrium. While adjusting one’s strategy to the known and anticipated strategy of the other
firms yields the Stackelberg equilibrium. Given the derived strategies of the follower given the
leader, we have obtained firm 2’s decision K I? (X7, Kp) and thus firm 1 knows how the capacity
of firm 2 depends on his own choice. Moreover, the accommodation strategy implies that both
firms invest at the same time so X, and X, are redundant. It implies also that we need to
consider all possible roles a firm can have, i.e. firm 1 can be both the leader or the follower, and
vice versa. The deterrence strategy is obtained by constructing the ODE for the case in which the
follower is not in the market yet, based on the previous section this occurs when X < X 1’; (Kp),
and the ODE for the duopoly when X > X7.(K7).

5.2.1 Accommodation

The leader knows the strategies of the follower, and anticipates to these by the Stackelberg

accommodation strategy as follows.

1
rVP(X,Kr,Kp) = ProfitP (X,Kp, K1) + lim EE[dVLD] (239)
t
where
]E[dVD]—% th+—2—VLD 2X2dt+ Ardt(0—VP) + Apdt(VM - vP) (240)
L= 5% u > 9X2 o L L F L L/

From (25), we know

XK (1-nK
VIfVI — L(—77L) (241)
r—u+Ar
And now we know the strategy of firm 1, thus
Profit? = K. X(1-n(K;(Kp)+Kp) (242)

In the profit function, Kr(K;) which depends on the X} which is not analytically solvable. The

objective is

ovP 10°VP
KX (U= n(KE (KD + Kp) + = pX + o= o2 X2+ ApV}) (243)

VP = —
L (I‘+/1F+/1L)(
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The solution of the homogeneous equation (terms involving value function) is

avD 1 02vD
L L

0 = a—uX+§ﬁO'2X2—(r+/lF+/lL)VLD
VLD(X) = leﬁ;L +BzXﬁ;‘L

where ,B; > 1 ,B; . <0. The particular solution (terms without value function) is

VP(X) = aX+b
XK (1-nK
(r+Ag+Ap)(aX+b) = KLX(I—n(KI’;(KL)+KL))+auX+7LpM
r—,u+/1L
* Kp(1-nKp)
L Kp(1=n(Kg(Kp) + K) + Ap=— 51,
r—p+Ap+Ag
b =0
The total solution is
. Kp(1 - (K (Kp) + Ki) + ApmSgi e 5
VL X) = + By X"FL + By X"'EL
I’—/.L+AF+AL
with boundary conditions
VP0) = 0
lim VP(X) = wX
X—o0

Thus both B, = 0 and B; = 0. And therefore

. KL(1-nKp)
Vo) - XKL(I N(Kg (KL + Kp) + Ar == 57,
L T'—/,L+AF+AL
Now we get Ky, by
VP -6.1K,

0Ky
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If we plugin K I:f (X, K1) as given by (206) then we get

(r+/lF—,u)(1—nKL)+7LL_6F(r+/lp—u)

KP(Xx, k) =
F XKL 20(r + Ap+ AL — ) 2nX
Ki(r+Ap—p)
_ KI{Y[(X)— L F—HU
2(l’+/lF+/lL—/.L)
KIJ;VI(X) = L(I_M)
2n X
OKP(X,KD) — (r+As-—p)
0Ky  2r+Ap+AL—p
VP -8k, X D OKP (X, K1) (1-2nKr)
= 1-n(K2(X,Kp) + Kp) —nKp | ————— 41|+ Ap————=
0K} T—,Lt+/1p+/1L ( 77( F( 2 2 4L 0K, FT—,LL+/1L
and thus
* 1
K} (X)

2X0(r2 +2A%+ 225 +r(BAp +3A1 —21) + 3Ap(Ap — ) = 3A L+ pi?)
[6F(r+/lp—,u)(r+/1L—,u)—25L(r+/lL—u)(r+/lF+/1L—u)+X(r+2/lp+/lL—u)]

(r+Ap+AL—p) (257)
First plug K7 (X) in V;° to get

(6 +Ap— i) (r+ AL — ) =26, (r + AL — ) (r + Ap+Ap— ) + X(r +2Ap + Ap — )]
8XN(r+Ap— ) (r2 +2A% + 207 + rBAp +3A1 —2) +3Ap(AL — ) = 3App+ pi?)

VP (X)

and then by the value and smooth pasting conditions we solve for X; (K7). The stopping value is
determined based on the assumption that the option to invest always exists or that the option to
invest can disappear for both firms with different probabilities. The case in which both options

disappear at the same event with equal chances throughout is treated in Section 4. These imply
(i) F(X)= AXP if the option always remains
(i) F(X) = Aﬁ{ XP1 if the option to invest can vanish before the firm has invested

The value matching and smooth pasting conditions for case (i) yield

VP (X)

= (VP (X) -6 k) pX (258)
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for X7 (K7).This gives two solutions.

_ (6F(r+/1.p—ﬂ)—25L(F+AF+/1L—/,L))(I'+/1L—/J)
X* _ r+2Ap+Ar—p 259
L _A+B)Gp(r+ A=) =28 L (r+Ap+AL—p) (r+AL—p) (259)
B-DT+2Ar+A—p)

for both § and ] is obtained simply by replacing § for fr. The one with f3 is the optimal decision,
and

(r+/lp+/1[‘—,u)(r+2/lp+/l[‘—,u)

K*:K*(X*) —
L= L (1 +BIN02 +2A% +2A% + 1 (3Ar +3A1 —200) + 3Ap(A — ) — AL + pi2)

This coincides with the infinite horizon results from Huisman and Kort (2015) for A = A7 =0, as

_r-26)0+ P -

X! 260
I B-1) (260)
and
K = ! (261)
L a+pn

Theorem 5.2. The optimal capacity level and moment of entry for the follower and the leader in a
Stackelberg accommodation equilibrium, based on a project that terminates with a probability A1

for the leader and A for the follower are,

(i) If the option exists forever

" (1+,B)(6F(r+7tp—u)—26L(r+/1p+/1L—u))(r+/lL—u)

xace — x* - _ 262

L L (B-1D(r+2Ap+AL— ) (262)
(r+/lp+/1L—,Lt)(T+2/lF+/lL—/J)

A+ PN(r2+2A%+2A% +rBAp+3AL =2 +3Ap(AL — 1) —3A L+ p?)

acc _ gk _
KL _KL -

(ii) Ifthe option of the leader can disappear before the project has started with probability A1

(1+,6;[L)(6p(r+/1p—,u)—26L(r+7Lp+7LL—u))(r+/lL—,u)
(,BIL_D(”*‘zAF"‘AL_,U)
(r+/1F+/1L—,u)(r+2/1F+/1L—u)
(1+ B3 n(r? +2A% +2A7 + r3Ap + 341 — 2p1) + 3Ar (AL — 1) = BALp + p?)

(263)

acc _ yr*
XL _XL

acc _ pr*
KL _KL

5.2.2 Deterrence

For the deterrence strategy, the leader takes the strategy of the follower into account. Given the

current level of X, the leader knows that the follower will invest later if it chooses its capacity
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K; = K; such that X ; (K1) > X. Thus the leader aims at letting the follower wait, this is called the
deterrence strategy. As long as the demand level is low enough, the leader is a monopolist.

The value function of the leader at the moment of investment for the deterrence strategy is

given by
ProfitPM(X,Kp, Ky) +limg 0 = E[dVPM]  if X < X2 (KL)
rVP(X,Kp,Kp) = It B 4r0ds L PR (264)
ProfitPP(X,Kp, Kp) +limgs 0 £ EAVPP]  if X > X5 (Kp)
where
ProfitPM = K X(1-nKp) (265)
ProfitP? = KX -n(K;(Kp)+Kp) (266)
E[dVPM) v th+162VLD 2X2dt+ Ardt(0-VP) (267)
= — ——O' —
L ax 1 2 8x2 L L
DD VLD 1aZVLD 2v2 D M D
E[avPP) = a—X,uth+§ O X?dt+Ardt©-VP)+ Apdt (VM - VP).  (268)

For X < X (K7) the leader is still the only investor in the duopoly and thus acts temporarily as

the monopolist which we denote by DM. The associated ODE is

vpM 10°VPM
r+ADVPM = K X(1-nKp) + X+= o’ X? 269
( DV X1 -nKp) ax AT oxe (269)
the homogeneous solution is
avDM 1 02 VDM
0 S M+ St X = r e AV (270)
vPM(x) = BPMxPi, , pDMyxPa, (271)

where ,BL >1, ﬁiL < 0 solve (209). And the particular solution to the total differential equation

with VLDM(X) = aPM X + pPM Jeads to

(r+A0@Mx+bPMy = K XA -nKp)+a?Mux 272)
Ki(1-nkK

aPM = rL-(Hl—n,:) (273)
-

P = o (274)
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Thus the total solution is

K;(1-nK,
L( 17L)X

. _
VLDM(X) = BIDMXﬁ’LL +BZDMX/3AL+ )
r L—HU

(275)
and the boundary condition is

vPMo) = o (276)

which leads to BP?M = 0. But BPM # 0 because if X goes to infinity we leave the monopoly state.

Hence

K (1-nKp) X

vPM(x) = BPMxFi 4 (277)
r+Ar—u
where S is the positive root of (209).
For X > X/ (K) the ODE is
b DD 162VDD
r+Ar+ADVPP = KiX(1-n(Kp(Kp) +Kp) + —2—puX + - —=—0? X% + A VM (278)
0X 2 0X?
the homogeneous solution is
6VDD 1 62 VDD
0 = ——uX+o— o X = r 4 A+ A VY (279)
vPP(x) = BPPXPirw 4 BPP xPin (280)

where ,BXEL >1, ,BEEL < 0. And the particular solution of the differential equation with VLD (X) =

aPP X + bPP leads to

XK1 (1-nKp)

(r+Ap+ApD@PPXx+bPP) = K XA -nKp(Ky) +Kp) +aPPux + AFW—M(%D
- L

% K (1-nKy)

oo _ KO nKEKD + K + AT o5 282
r+1p+ﬂL—u
PP = 0 (283)
where we used
XK (1-
VM(X) — M (284)
L r—u+Ar
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Thus the total solution is

* Ki(1-nKy)
+ v Kp(=n(Kp(Kp) + Kp) + Ap=——=71—
vPP(x) = BPPxPii 4 BPPxPins 4 £ L X (285)
T+AF+AL—N
and the boundary condition is
vPPO) = o (286)
: DD _
lim V;""(X) = wX (287)
X—o00
which leads to B?P =0 and BPP = 0. Thus
Proposition 5.3.
+ K;(1-nK
vPM(x) = pPMxPiy  RLAZTRD (288)
r+AL—p
and
* K (1-nKy)
Kp(1-n(Kg(Kp) + K) + Ar=F e
vPP(x) = d i (289)

r+AF+AL—u

However, VLDD occurs when X > X (K;) and thus coincides with the Stackelberg accom-
modation strategy. Therefore for deriving the deterrence strategy we only need to concentrate

on
1
rvPM (X, Kp, K) = Profit?™ (X, Kp, K1) + lim %E[dVLDM ] (290)
t

Though we also need the DD part to obtain BPM,

At X=X ; (K1), the numerical value we obtained at (237), it should hold that
VPM(XE(KD) = VPPXG(KL) (291)

which we can solve for B{:’M . After this, solve for K} by

ovVP -61K;, 0

292
3K, (292)

and use the smooth pasting and value matching condition to obtain X;.
Since VLDD is exactly the same as Stackelberg, we know already what the strategy in that

domain will be.
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For VLDM we have

OXp (KD gy, , Kell=nKD) o

VPM(x) — (293)
L X} (Kp)Pr r+AL-p
L e s

and for fixed K; we have found the numeri-

where 6 = r+Ar+AL— r+AL—p

cal value of X;(K;) and thus also the implied K;(K;). However, note that this depends on a fixed

K. Maximizing with respect to K}, gives the following first order condition.

oVPM _5,K,
LTLL — (294)
L
¢O(X,Kr) =0 (295)

Again, the stopping value is determined based either on the assumption that the option to invest
always exists or on the assumption that the option to invest can disappear for both firms with

different probabilities. These imply
(i) F(X)= AXP if the option always remains
(i) F(X)= Aﬁ; xP A if the option to invest can vanish before the firm has invested
L

For case (i): Before the leader has invested, thus when X < X;, the firm holds an option to

invest. Therefore by the value matching and smooth pasting conditions with F(X) = AX? we

solve
VPM(x)-6.K, = AXP (296)
ovPM(x)
La—x = BAXP! (297)
ovPM(x
La—X)—(VLDM(X)—éLKL),BX_I =0 (298)
. XKi(1-nKp)(B-1)
BPMp— gt yxPr 4 2L —6.Kif = 0 299
1 (B=By,,) + " LKip (299)

Note that, B is a function of K;. TO BE ADDED: Numerical results.

For case (ii): Before the leader has invested, thus when X < X;, the firm holds an option to
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invest. Therefore by the value and smooth pasting conditions with F(X) = AﬁX XP1. we solve
L

VPMX) -81K, = Ag X7 (300)

% = 1,45 X" o

%—(VLIJM(X)—O‘LKL),BX_I =0 (302)

BPM(B; - ﬁ}ﬂ)xﬁ Y 4 XKl =B, -1 -6.KiB;, = 0 (303)

r+Ar—p

TO BE ADDED: Numerical results.
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