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1. Introduction

An important class of problems arising in operations resedrare the
so{called optimal switching problems, in which the objectee is to nd the
optimal time to initiate/terminate a production process orenter/exit a mar-
ket. Such problems nd numerous applications in productiomanagement
and capacity choice (see, e.g. Dixit, 1989; Trigeorgis, %Pindyck, 1988;
McDonald and Siegel, 1985), but also in elds such as naturaksource
economics (see, e.g. Brennan and Schwartz, 1985; Paddoclalet 1988),
maritime economics, etc. (S dal et al., 2008; Kavussanos @& sekrekos,
2011)

In an important paper, which has generated a lot of discussipBrekke
and ksendal (1994) have formulated a general optimal switting problem
under uncertainty as an impulse control problem (see also Bsussan and
Lions, 1984, for a thorough examination of impulse controlrpblems), and
have solved it using methods from stochastic analysis.

All aforementioned contributions consider optimal switchmg problems
where the uncertainty in the economic system is representdyy one or
more stochastic processes with constant (or determinisaity time{varying)
volatilities. However, the data do not always support this asumption and
there is evidence that, for instance, commodity prices digy stochastic
volatility e ects, which may develop on di erent time scales (see for example
the evidence and stylised facts in Hikspoor and Jaimungal, @8, Eydeland
and Wolyniec, 2003)

Stochastic volatility models (see Taylor, 1994, for a rewd have gained
much attention by academics and practitioners alike, in thealuation and
hedging of nancial derivatives, not only as an alternativeo the Black and
Scholes (1973) framework, but also as a powerful tool thatrchetter model
and explain economic variables and systems. As Fouque et &003a) point
out, one characteristic feature of volatility is that its men{reversion rate
is quite \fast", as compared to the time scale of evolution obther eco-
nomic state variables. This feature is referred to afast mean{reverting
volatility, and there is signi cance empirical evidence of its presenin eg-
uity prices, exchange rates and commaodity prices (see foraexple Alizadeh
et al., 2002; Fouque et al., 2003b; Hikspoor and Jaimungal, G8). The
above observations have led Fouque, Papanicolaou, Sircardaco{workers
to study the dynamics of such \fast" volatility processes ath their net ef-
fect on the prices of nancial options, an endeavour that letbb important
gualitative and quantitative ndings. (see also the resuls in Zhu and Chen,
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2011a,b; Chen and Zhu, 2012; Souza and Zubelli, 2011).

To the best of our knowledge, and despite the fact that assehd com-
modity prices have been documented to exhibit fast mean{rexting volatil-
ity, the study of its e ects on optimal switching problems réated to eco-
nomic decision{making has been overlooked. Theory and intion o er lit-
tle guidance, a priori, as to whether fast mean{reverting stchastic volatility
should lead to more or less frequent switches between the adsible modes
of a production process. It is the aim of this paper to examineptimal
switching decisions under multi{scale stochastic volattl,.

Motivated by the important qualitative ndings of Fouque et al. (2003a,b),
concerning the e ects of fast mean{reverting volatility onthe pricing and
hedging of nancial derivatives, it is natural to raise the gestion of whether
the \fast" varying stochastic volatility features of e.g. @mmodity time se-
ries, may a ect the solution of optimal switching problemsand this is the
main object of this paper.

Following the seminal work of Fouque et al. (2003a) on multgcale
volatility and using the perturbation method as in Fouque etal. (2000),
we formulate and solve an in nite{horizon, optimal switchng problem un-
der uncertainty, in the spirit of Duckworth and Zervos (200}, but driven
by a general class of stochastic volatility models that exbit fast mean{
reversion. The perturbation method allows us to approximat the optimal
switching problem with a sequence of simpli ed valuation stems, each one
o ering a \correction" of di erent order to the constant{vo latility solution
that has been documented in the literature. These correctis, that are the
e ect of fast stochastic volatility, are derived in closed{orm, allowing one
to analytically approximate the solution of the general swthing problem
under fast mean{reverting stochastic volatility up to the desired order. Our
analytic approach is important, as the full multi{scale optmal stopping
problem is di cult and tricky to handle by numerical methods, and thus
our analytic results o er useful benchmarks for the numera analysis of
the full problem.

Our closed{form solution are of interest to decision{makardealing with
processes or projects that can be switched from and to an ietive mode,
contingent on the evolution of economic variables that areatumented to
exhibit fast mean{reverting stochastic volatility, such & exchange rates and
energy and commodity prices. To this end, we apply our genérasults to a
number of benchmark, mean{reverting stochastic volatilit models, and we
explicitly derive the \correction" terms due to multi{scale e ects in a simple
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entry/exit problem. Assessing their e ects on the qualitatve features of the
solution, we nd that when the uncertainty in an economic sy&em exhibits

fast mean{reverting stochastic volatility: (a) optimal swtching between
modes will bemore frequent (b) agents will be more willing to activate
earlier and will endure higher losses before deciding to aptlly suspend
operations and (c) ndings (a) and (b) are more pronounced fdower (more
negative) levels of correlation between price and volatyi uncertainty, faster

volatility mean{reversion speeds and higher e ective voldity levels.

The rest of the paper is organized as follows: Section 2 pretsethe
basic setting of our optimal switching problem under fast na{reverting
stochastic volatility. In Section 3 we derive analytical aproximations of
the optimal switching policy and value functions via homogesation theory
arguments for the general switching problem. In Section 5 wagpply our
results to a number of benchmark models related to decisiangking and
stochastic volatility, and provide explicit expressionsdr the e ects of multi{
scale stochastic volatility on optimal switching, and commnt extensively
on the qualitative implications. Finally, Section 6 concldes the paper.

2. Basic setting

The problem we consider in this paper is that of nding the opmal
sequence of switching times (i.e. times of opening and clog) of a multi{
mode production process, given the costs of opening, clagend operating
in a certain mode and assuming that the economic state is goned by a
system of stochastic processes with stochastic volatilithat exhibits fast
mean reversion.

In order to x ideas, consider a production process or an ingément
project that can produce a single commodity or product whogerice (and
price change volatility) are varying as a system of stochastprocesses (to
be specied below). The process/project can operate in two oaes, say
open and closed (or active and idle). In the open/active modéhe project
yields a ow payo that depends on the commodity/product price. In the
closed/idle mode, the project incurs a constant ow loss. Ensition from
one mode to the other can take place instantaneously and an lumited
number of times, but at constant xed costs that are incurredeach time.
The risk{free interest rater is constant and the owner of the process/project
(e.g. a rm) is risk{neutral and a price{taker, in that its de cisions do not



a ect the price and price volatility dynamics.!

In order to avoid confusion, in the remainder of the paper weilvuse
the terms production process, resource price, active modadaidle mode
instead of the equivalent terms investment project, prodducor commodity
price, open mode and closed mode.

Let ( ;F;P) be a complete probability space carrying the Itration
fF (g = F satisfying the usual conditions of right continuity and augien-
tation by P{negligible sets and carrying a standard two{dimensionaF{
adapted Brownian motionf W .g.

Assume that the resource pricd® is modeled by the following latent
factor stochastic volatility model (Fouque et al., 2003a)

dP, = P.dt+ f (Y,) P.dW"; Py= po (1)

p_
dY,= 2(m Y,)dt+ —2dWY; Yo = Vo (2)

where the Wiener processWfPW,” ’is correlated toW by

wh _ 1,0
wy 1 2

Wy,

with j j < 1 constant. In the above, the volatility ofP; is = f (), driven

by a \fast" mean{reverting latent stochastic factorY;, andf :1 R! Ris

a smooth bounded function on the compact sét In the above, is a small
positive number that governs the degree of mean reversiondacorresponds
to the \fast" time scale of this process.

The decisions to switch from one mode of operation to the othean
be modeled by a stochastic proces3 = fQ;g 2 Q, where Q denotes the
family of all fF \g{adapted, nite variation, aghd processes Q with values
in f0; 1g, with Q; = 0 or 1 denoting whether the production process is idle
or active at time t. Let g denote the mode of the production process at
t=0.

1The assumption of risk{neutrality is not crucial for the solution and it is made only
for simplicity. The extension to a risk{averse process/prgect owner is straightforward
and we make it available upon request from the authors. Equdy non{crucial is the
assumption of instantaneous transition from one mode of op@ation to the other. Switches
between modes that take time to implement could be easily be @omodated, only at the
cost of extra notation.
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We can associate with each starting value tripletdy; po; Yo) and sequence
of switching decision¥®), the (total, in nite horizon) present value function:

Z 1
J(Qo;Po:YO) (Q) =E o e’” [Rl (Ps) Qs + R0 (Ps) (1 Qs)] ds
#
X
e’ Ko( Qs)" +Ki( Q) (3)
s 0

which takes into account the switching costs, with Q; = Qi+  Q: and
( Q) =max( Q;0). Here, the sub{linear functionRy : R, ! R'is
the payo ow in mode g, and K, are the costs from switchingrom (i.e.
leaving) modeq, with g2 f 0; 1g. Naturally, we require that Ko+ K, > 0 so
that one cannot earn arbitrarily high pro ts simply by constantly changing
the production process' operating mode back and forth. Pabke choices
for Ry used in the literature areRqy(P;) = (P:  ©) 1i414 (see Dixit, 1989)
or R4(Pi) = h(P) 1igzig C  lig0g (see Duckworth and Zervos, 2001),
with 1, the indicator function that takes the value of one if conditbn x
holds, and zero otherswise.

The objective is to maximise the functionall : Q! R, as provided by
equation (3) over all possible switching choice3. De ne the value function
V by

Vg (P7Y) = SUpP J(geipoiyo) (Q) (4)
Q2Q

so that V;, (p;y) (respectively V; (p;y)) denotes the maximum net present
value obtained when starting at fo;Yo) in the idle (active) state and fol-
lowing optimal switching policies. The superscript is used to emphasise
the dependence of the value function on the small parameter

Using standard results on impulse control theory (see e.g. Bkworth
and Zervos, 2001; Bensoussan and Lions, 1984), we see thatvalue func-
tionsV, satisfy the following Hamilton{Bellman{Jacobi equation that takes
the form of the quasivariational inequality

max L Vy (BY)+ Rqe(P);Vi (YY) Vq (P5y) Kq =0;9=f0;1g:
(5)

where the operatorL is the generator of the process?( Y), de ned by

L = 2Lg+ L,+1L,



with

Cm @, .8
_ P35 @
L2 = f (y) p2 @b P = @p rl.

wherel is the identity operator.

The variational inequality in (5) is a free boundary value poblem, the
solution of which de nes two price levelsP, (y) > P, (y), that allow us
to specify the optimal switching times. In particular, for imest such that
P: Py (y) the production process should be turned (or remain) active
whereas for timeg such thatP; P, (y) the production process should be
turned (or remain) idle. Thus, unlike the constant volatilty case in Merton
(1973), where the price levels that \trigger" optimal swittiing are unknown
constants here P, (y) ; P; (y) are unknown functions of the starting state
of the latent variable driving volatility that need to be specied as part
of the solution. In the remainder, it is helpful to remember hat in our
notation, for g 2 f 0; 1g, K (respectively P, (y)) is the cost to be incurred
(respectively the price process level that needs to be read) for optimally
switching from modeq.

3. Optimal switching policy under fast mean{reverting stoc hastic
volatility

3.1. Notation

The solution of the problem described in the previous sectiadepends
on the choice of the small parameter. Assuming analytic dependence of
Vq (p;y) and P, (y) on , by Taylor's theorem these functions are determined
by the sequence¥, = Vg andP,:= PJ forn=0;12::: through
equations

X X
V, (pry) = "Wy (py); and Py (y) = Py (Y): (6)

n=0 n=0

Observe thatVy'(p;y) = &V, (p; y) -, andPg(y) = GP,(Y) . i.e. we
will reserve the use of the superscript on a function to denote the action of



the operator % o Onit, or equivalently on a sequence to denote the{th
term of the sequence. In the proof of our main proposition, éfollowing
simple re{labelling of then + 1 term of the resource price sequence will
prove helpful

pn— +1 .

Pa=Pg ™ (¥): (7)

Moreover, we will use the notation for the convolution of two sequences,

ie. ) P, o
P z=f(P Z)9g where P zZ) = ., P"'Z",

and employ superscript k) to denote the k{times convolution, i.e.
! I

Pk = P_z_R . sothat Pl = P_z_R

k terms k terms

is to be understood as thé{th term of the sequenceP ¥,
Finally, it will prove notationally convenient to de ne the quantities

Cki)= 48 VEq(Y) VE(PY) popeyy ()7 =max(x0);

R 0, ifq=0
Lq=E OlerSRq(ps)dS, = 4 ifg:]_ ’

for g2 f 0; 1g.

3.2. Asymptotic formulation of the optimal switching probla
The main result of the paper is summarised in the following pposition

that can be used in order to obtain approximate solutions tohte variational
inequality in (5).

Proposition 1  Assuming the expansions in equatiof6), the value func-
tions V' and the price thresholdsPy', n 2 f0;1;2;:::g and q 2 f 0;1g,
satisfy the systems of equations

X .
I—n jvci (p,)/) = Rq (p) 1fn 2=0¢g (8)
j=(n 2)*



X .
lin 2 og C(;") P;)'m = Kq lin 2:09 9)

k;:m 2N:
k++m=n 2

X . o~ =(C)m _
lin 2 og (+1)C(k +1)P,” =0 (10)

k;;m 2N:
k+ +m=n 2

Linz og  lim Ve *(Piy) = Lg  Lin 2-0q for anyy (11)
- 'q

where 1¢,4 is the indicator function, taking the value of one if conditin x

holds and zero otherwise, anﬁg);m is the m{th term of the “{times self{
convolution ofﬁqm as the latter is de ned by equation(7).

Proof of Proposition 1. The proof of the proposition is provided in
Appendix A. =

Observe that equation (8) is a second{order di erential egation con-
necting the unknown functions\/qj forj = n 2;n 1;n. Equations (9){(11)
are boundary conditions that can be used to calculate the aections to
the switching boundaries and are activated only fon 2, i.e. for orders
O( % O (1) and above.

A signi cant benet of the above proposition is that it can be used
sequentially, according to a step{by{step procedure outlied in the next
section, through which the value function and price thresho corrections
due to \fast" mean{reverting stochastic volatility can be worked out ana-
lytically.

4. Step{by{step procedure for analytic derivation of optim al so-
lution asymptotic terms

The procedure to sequentially determineV,' (p) ; Pg (y) forn 2f0;1;:::g,
g2 f0;1gis as follows (where the explicit dependence gnandy is occa-
sionally suppressed for convenience):

Step O

For n = 0 the system (8){(11) reduces to the simple second{order @i
ferential equation Lovq0 (p;y) = 0. Since the operatorL o involves di eren-
tiations with respect to the y variable only, it is easy to see that\/q0 Is a



function of p only. Note that the exact dependence df/qo on p will only be
completely speci ed at a later step Step 2).

Step 1

For n = 1 the system (8){(11) reduces to the second{order di erenal
equation Lqu1 (p;y)= L 1Vq° (p) which, having obtainequ0 from the pre-
vious step, is treated as an equation for the unknown functilovql. Since
qu is a function ofp only, and L ; involves di erentiations with respect toy,
the equation forV,' reduces toL ¢V, (p;y) = 0, from which, using a similar
argument as in step 0 above, we deduce th%l is a function of p only.
Again the dependence of op will only be exactly speci ed at a later step
(Step 3. Furthermore note that the equation form forvq1 is the exactly
the same as fof\/qo, but with a di erent right{hand side. This is a recurring
pattern for all subsequent steps.

Step 2
For n = 2, equation (8) becomes

LoVZ+ L1Vl + LoV + Rq(p) = LoVZ + LoV2 + Rq(p) = 0: (12)

However, from this step onwards, the boundary conditions aativated, so
that equation (12) is complemented by

C0;00= VY, P? V2 Py =Kq (13)
COD= & Vo) VO | p=0 (14
i V() = L (15)

This step will completely determineV,” and P, and will also determineV,?
up to a function of p. Given what is known fromSteps Oand 1, one can ob-
serve that equation (12) is a non{homogeneous linear equati of the form
LOVq2 = F(p) for given F. This equation has non{trivial solutions for spe-
ci ¢ choices ofF, which by the Fredholm alternative are speci ed by thos&
that belong to the orthogonal complement of the null space ttie adjoint op-
erator Ly. This means that equation (12) has a solution if and only ¥ sat-
is es the condition hF; i = 0, where ™ is the solution of equationL ;™ = 0,
and L is the adjoint operator ofL opde ned by hLoz;wi = hz;L ywi, with
h; i the L? inner product hg; hi = Il g(x) h(x) dx, whereg and h are
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Lebesgue square{integrable functions. Note thdt is the density of the

invariant distribution of the latent process;, which easily veri ed to be
(m_y)2

T = pe z 2= If the solvability condition is satis ed, the solution of
(12) is of the formVZ = (p;y) + XJ(p).
The solvability condition hF;*~i = 0 yields,

hL 1Vyi7i hL V7T Rg= hL Vi Rq=0 (16)

which reduces to

1,8V @Y
0 0_ —f2>"1 0_
dL;Vye dL qeVy = 2f p @b +p @p Vg Rq (17)
where Z.,
fP=d2(y)e= 2y dy;

1

is the average value of ? (y) with respect to the invariant distribution of Y;.
Equation (17) is a second{order di erential equation foNqO, the solution of
which provides the exact dependence vg) on p that was unspeci ed inStep
0. It is interesting to note that equation (17) is the Black{Stoles{Merton
equation with a constant volatility, f_z, the so{called e ective volatility,
which is an average over the invariant distribution of the \ast" latent pro-
cess.

Equations (17) and (13){(15) collectively, uniquely detemine qu and
P(?, g2 f 0;1g. The zero{order value functionquO are given by

Z pg
Vo (x) = ( 1)qI Gy(X; X)Rq(X)dX (18)

q

for q 2 f 0;1g, with Gy(x; X) the Green's functions of equation (17) sub-
ject to (13){(15). To conserve space, these, along with thergcedure to
determine the zero{order resource price threshold%g, are relegated in an
appendix (Appendix C) that is submitted as supplementary madrial to the
manuscript.

Once qu and Pé’ are completely determined, this step also determines
qu, up to a constant of p. By substituting the solvability condition (16)
into the right{hand side of equation (12) and rearranging, ne gets

LoVZ =(dlee L 2)V2= f(y) °p); (19)
11



with
2 @Vo
fyy=1F f2(y) and $(p)= PPSE. (20)
Since the operatol ( involves di erentiations with respect to they variable
only, and qu only depends orp, one can write

VZ(piy) = APy + X2(p) (1)

with  3(p;y) the solution of

Lo ge:y) = f(y) °(p); (22)

an(;i ng(p) a constant with respect toy that will be specied at the n =4
order.

Thus, in stepn = 2, V;? and P are completely speci ed, andV;? is
determined up to the functionxg(p).

Step 3

The procedure is similar for eacln > 2, where value function and re-
source price threshold \correctionsV' 2 and Py 2 are completely speci ed,
and V' is obtained up to an unknown function op (to be obtained at order
n+2).

Equations (8){(11) now become

LoV + LiVy' t+ LoVy 2=0 (23)

X Ny
C(k)P™ =0 (24)
k;"m :
k+*+m=n 2

X 5Cm
(+)Ck +1)P, " =0 (25)
k;sm:
k+ +m=n 2
lim vy ?(p)=0 (26)
p! Iq
“More accurately, one can write V{7 (p;y) =  9(y) 9(p) + XJ(p), with  o(y) the

solution of Lg g(y) = f(y) in this instance. However, for higher orders ofn, it will be
notationally more convenient to write  3(y) q(p) as g(p;y).
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From the Fredholm alternative, the solvability condition s
hL 1V 570 hL RV %70 = 0; (27)

which reduces todL,V,;' “e= dL,eV;' ?= dL V' 'eand
:_L_sz@vqn 2 s p @y 2
2 @p @p

with ! and g 2 (p) de ned in Appendix B, for all n > 2. Equation (28),
subject to (24){(26) completely speci esVy 2 and Py 2, Two notes are in
order here:

Vg 2= Ip g 2(p); (28)

(a) Given the de nitions in Appendix B, it is easy to verify that the right{
hand side of (28) is always a known (albeit involved) expraes of

orders ofn.
(b) For n> 2, the system (28){(26) is no longer a free boundary problem.
Once V{ 2 are determined from (28) and (26), equations (24) and
(25) can be solved analytically for the price threshold \caoections”,
Py 2,
Both of these notes will become apparent in the next sectiomvhere our
procedure is applied to a known problem.
Finally, substituting the solvability condition (27) into the right{hand
side of equation (23) and rearranging, yields

LoVy =(dlze L 2)Vy 2 L V" Y+ dLV" te

With V' 2 completely specied in this step, andVy' 1 known (up to a
function of p) from the previous step, the solution ofvy', up to a function
of p, is
— 2 . 2
Vg = g “(ey)+ Xg “(p) (29)

with & ?(p;y) de ned in Appendix B for all n > 2.

Step 4
Step 3 is repeated for all order® ( " 2), n> 2 for which the asymptotic
terms of the optimal switching solution are required.

13



Step 5
Determine the solutionsV,, (p;Yy) and P, (y) by adding up the asymptotic
terms, as in equation (6).

In the next section we demonstrate the procedure by derivingsymp-
totic terms of the optimal solution under \fast" mean{reverting stochastic
volatility, for a simple switching problem that is highly{cited in the litera-
ture.

5. E ects of \fast” mean{reverting stochastic volatility o n opti-
mal switching decisions

In this section, we illustrate the e ects of \fast" mean{rewerting stochas-
tic volatility on the optimal switching strategy, using a ganeral “fast" mean{
reverting stochastic volatility model in the context of theDixit (1989) en-
try/exit problem. In the context of this entry/exit problem , the starting
point for the analysis is the quasi{variational inequalityin (5), with the
choice ofRq(P:) = (P: ©) 141, forq=0;1, with c a given constant.

In applying Steps Oand 1 of the procedure, we observe that/qo and Vql,
g= fO0;1g are independent ofy.

In Step 2 for n = 2 the value functions qu(P) for g 2 f0;1g, are
uniquely speci ed via equation (18), whose solution yields

VO(P)=(1 QAP +q BP +rp ;3 . q2f0;1g;

with r

o+  IF
= =2 (30)

Moreover, the system

B o) + 00 & g

1 1
B Pg(Y) e

A Pe(y) +( 1)Kq

1

0
A Pg(y) (32)
for g2 f 0;1g is a system of four algebraic euations, the solution of which
determines the constant#\; B and the zeroth{order product price switching

thresholdsP? (y) ; P2 (y).
14



Note that this is formally identical to the constant{volatility solution
in Dixit (1989, eq. 6{7 and 12{15), with the important di erence that the

constant variance 2 has to be replaced by 2, the so{callede ective vari-
ance which is the average of the volatility functionf 2(y) over the invariant
measure of the proces¥. Therefore, the leading term is equivalent to the
solution given by a constant volatility model, but the consant volatility de-
pends on the choice of the volatility functionf (y) employed in the original
multi{scale stochastic volatility model. All following orders,n = 3;4;::: are
essentially corrections to this constant, e ective volatity case, corrections
that are the e ect of fast mean{reverting stochastic volatiity.

Moreover, from (20){(22), V7 is

@V (p)
@p
with Xg(p) to be determined atStep 4 Note that the exact value of the

constant depends on the choice of (y).

Step 3 for n = 3, uniquely speci es the value functions\/q1 (P) and price
thresholds qu (Y), for q= f0;1g, via equation (28) that becomes

Vi(piy)= P? + X3 = Lol f (]

dioeVy = dL ;Ve= P (P): (33)

Given the de nition of é from Appendix B, one can verify that the right{
hand side is just a function oP only. From (24){(26), the relevant boundary
conditions are

C(1;0)+ C(0;1)PL(y) = 0 (34)
C(L;1)+ C(0;2)Pi(y) =0 (35)
lim V! (p) =0 (36)

Solving (33){(36) yields the orderO ( ) value function \corrections" that
are due to fast mean{reverting stochastic volatility

VI(P)=1 (1 9P +qP (f_?(q#“'”f
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3
DoPy + D1Py PH P "9 InP,  DoP, + D;P, PSH @ 9 n P
+

=2
f( ) PPy PoPy
(37)
and the orderO ( ) \corrections" to the switching thresholds,
1 —
I:>q (y) =1
h i
—2 o v
fo PoPy PoPy ( ) B ( Py A ( 1) P,
(38)

Do=A 2( 1), ifq=0 |
D;=B ?( 1), ifg=1""
and the constantsA;B are as determined in equations (31){(32). More-
over, in order to simplify notation, the zeroth{order prodtct price switching
thresholds Pé’; q = f0;1g are denoted asP, Pé’; g = f0; 1g in equations
(37){(38) above (i.e. the zero of the order in the supersctips dropped for
notational convenience).

This step also provides information regarding;lq3 (P), through equation
(19) that becomes

In the above,Dy = are as in (30)

@vy (P) @Vvy (P) Y
@P @P@y

This determinequ3(P), up to a constant of P, which is used in the next
order to uniquely determine the second{order correctiom%2 (P)and qu (y).

After the asymptotic terms are estimated (by repeating thistep of the
procedure for all needed orders of in Step 5the solution is approximated
by equation (6).

The above results clearly show that the e ect of \fast" meanfeverting
stiochastic volatility on the optimal switching decisionsare quanti ed through
the statistical averagef , its variance and its correlation with the product
price process, as well as the constant . All these quantitiesan be ex-
plicitly calculated once a speci c volatility model is chosn. The next two
examples demonstrate this.

LoV (P) = f (y)P? It (y)P DU @ +4
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Example 1: The stochastic volatility model in Fouque et al2Q03c)

As a rst example, we choose the stochastic volatility modelneployed
by Fouque et al. (2003c), where the product price change vbldy . is
related to the latent \fast" mean{reverting factor y via = f (y) = exp(y),
restricted on a compact subset so as not to a ect the calculians within
the accuracy of our comparisons. This example has also beempoyed by
Zhu and Chen (2011a) in their numerical investigation.

It can be shown that for this specic stochastic volatility model, the
parametersf and involved in (37){(38) are given by

. 5+43m 1 @2 2
f2: 2(m+ 2) and _ ¢ 22e

To investigate how \fast" mean{reverting stochastic volatlity a ects
optimal switching and hysteresis, de ne foig= f0; 1g

VyPSS(Pry) V@ (P) Vg (P) and PPSS(y) Py Pg(y)
(39)
as the value function and the optimal switching threshold derences for
the idle (g = 0) and active (g = 1) modes under the stochastic volatility
model in Fouque et al. (2003c, FPSS) and the constant{voldity problem
in Dixit (1989, D), with the constant set equal tof . For simplicity, only
the rst{order dierences are considered.

The e ect (of the rst order corrections) due to \fast" mean reverting
stochastic volatility is quantitatively assessed in Figues 1{3. What is no-
ticeable immediately in Figure 1 is that the value di erence due to \fast"
mean{reverting stochastic volatility are not monotone wih respect to the
resource priceP. An equally interesting aspect of Figure 1 is that the value
di erences in (39) change sign (from positive to negative ovice{versa).
Both the position of the maximum, as well as the zero crossingpint can
be obtained analytically in terms of the parameters of the mblem (and we
make their exact formulae available upon request).

Figure 2 focuses on the e ect of \fast" mean{reverting stocastic volatil-
ity on P£PS% (y) and P?, the product price thresholds that warrant optimal
switching from the idle (@ = 0) and the active (g = 1) modes under stochas-
tic and constant volatility.

Panel (a) of Figure 2 plots (bold line) the constant = f switching
thresholds in Dixit (1989), as a function of the switching csts K = K, =
K', which are restricted to be symmetric. Also plotted are the \orrected"
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Figure 1: The Figure plots, for di erent values of the correlation coe cient
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, the value function di erences V; 55 (P) V; (P)
for the idle (g = O, Panels (a){(c)) and active (g = 1, Panels (b){(d)) modes under the stochastic volatility m odel in Fouque
et al. (2003c, FPSS) and the constant{volatility problem in Dixit (1989, D), with the constant  set equal tof . In Panels (a){(b)
(respectively (c){(d)), the correlation coe cient is negative (respectively positive). In Panels (a){(c) (respectively (b){(d)) the
product price P takes values in the \idle region" 0;P, (respectively in the \activ& region" P;;+1 ). In all panels the rest of
the parameters arer =0:025, =0:02,Kg=4, K;=2,¢c=1, m=1In0:1, =1= 2and =1= 200.
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Figure 2: The Figure plots in Panel (a) PfPSS and P, i.e. the optimal switching product price thresholds underthe stochastic
volatility model in Fouque et al. (2003c, FPSS) and the consant{volatility problem in Dixit (1989, D), with the constan t
set equal tof. The thresholds are plotted as a function of the switching csts Ko and K 1, which are set to equal values, and
for dierent values of the correlation coecient . Panels (b) and (c) plot PFPsS P2 =pPP P4=Pg . i.e. the optimal
switching threshold \corrections" due to \fast" stochasti ¢ volatility qu, as a percentage oP(?, the optimal switching product
price thresholds under the constant{volatility problem in Dixit (1989, D). Panels (b) and (d) only plot the q = 0 (i.e. leave{
idle{mode) case in order to save space; thg =1 (i.e. leave{active{mode) percentage \corrections" are qualitatively identical. In
Panel (c), the correlation between changes in the product pce P andﬂnﬁthe latent volatility factor Y is = , 0:20. In all Panels,
the rest of the parameters arer =0:025, =0:02,m=1In0:1, =1= 2,Kpy=4,K;=2,c=1and =1= 200.



switching thresholdng+ qu, for = 0:20. Depending on the correlation
coe cient, the \fast corrected" switching thresholds can ke above or below
the constant{volatility ones. For < 0 which is the most usual case in
nancial variables (see for example Fouque et al., 2000), ¢howner of the
process/project that can be switched from and to an idle/acte mode will
optimally decide to leave the current mode at lower productnces: Lower
prices (than those in the constant volatility case with = f) lead to project
activation and the o