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Abstract

This article studies strategic investment behavior of firms facing an uncertain demand in a
duopoly setting. Firms choose both investment timing and the capacity level while facing additional
uncertainty about market participants, which is introduced via the concept of hidden competition.
We focus on the analysis of possible strategies of the market leader in terms of its capacity choice
and on the influence of hidden competition on these strategies.

We show that due to hidden competition the follower is more eager to invest. As a result the
entry deterrence strategy of the leader becomes more costly and it can only be implemented for
smaller market size, leaving additional room for entry accommodation. The leader has incentives to
prevent entry of the hidden competitor stimulating simultaneous investment if the hidden firm has
a large capacity, and has more incentives to apply entry deterrence in the complementary case of a
small capacity of the hidden player. In the first case overinvestment aimed to deter the follower’s

entry does not occur for a wide range of parameters values.



1 Introduction

The real options theory is based on the idea that investment timing plays a crucial role in the
decisions to undertake irreversible investment in an uncertain world. More precisely, the possibility
to delay the investment and, therefore, to access additional information, creates the option value for
the market participants. As a result, in the real options framework the optimal investment thresholds
turn out to be above the so called Marshallian trigger points, which correspond to a zero net present
value (NPV).

Early literature on real options usually focuses on investment decisions of a single firm. However,
the analysis can be extended to the case of multiple market participants by incorporating game
theoretic elements. For instance, Smets (1993), Dixit and Pindyck (1994), Huisman and Kort (2004),
and Pawlina and Kort (2006) study the investment decision in a duopoly setting, while Grenadier

(2002) and Bouis et al. (2009) are examples of oligopoly real option models.

Another important modification of the basic real options model arises when firms are allowed
to choose not only the timing of the investment decision, but also the size of the investment. The
main idea here is that investment of a larger size can bring bigger losses or higher gains for the firm
depending on the realization of the stochastic profitability shock incorporated in the inverse demand
function. Moreover, in a competitive framework capacity choice of a certain firm can influence the
decision of the other firm to enter the market. For example, among the early models of capacity
choice, Spence (1977) introduces a setting where the firm can deter entry by overinvestment. Wu
(2007) studies incentives of the leader in a growing market to preempt the follower by investing in
capacity. The main result of his paper is that under the assumption of uncertainty about the date at
which the market starts to decline, the leader will choose a smaller capacity in order to take advantage
of market decline, i.e. to stay longer in the market than the larger competitor. Huisman and Kort
(2013) analyze accommodation and deterrence strategies of the market leader in a duopoly setting.
The authors introduce the overinvestment effect that arises due to possibility of the market leader
to deter entry of its competitor, as the bigger level of the leader’s capacity ensures that the follower
invests later. Moreover, the length of the deterrence region becomes larger when market uncertainty is
higher. This happens because larger uncertainty generates more incentives for the follower to postpone
the investment and, therefore, the leader can enjoy a longer monopoly period when implementing the

entry deterrence strategy.

The current research is devoted to the analysis of strategic interactions of firms in a duopoly
market in a real options setting. Following Huisman and Kort (2013), we present a model, where in
order to enter the market, firms invest in a plant with a certain capacity, i.e. the firms choose the

investment scale. In this paper their model is extended by relaxing the assumption that firms are



fully informed about all market participants. Similar to Armada et al. (2011), we incorporate an
additional type of uncertainty in the model by introducing the concept of hidden competition. The
key idea behind this approach is that, apart from the two competitors that are well informed about

each other, the third, hidden firm, can enter the market at an unknown point in time.

Armada et al. (2011) develop a model, where two positioned firms compete in the market with
two places available, facing a possibility of a hidden entry. The entrance occasion of the hidden firm
is modeled in their paper as an exogenous event driven by a Poisson jump process. They demonstrate
that hidden competition can exert significant influence on the firms’ investment timing in the limited
market. Namely, they show that, as the arrival rate of the hidden competitor rises, we can observe a
decrease in the investment trigger for the follower on the one hand, and an increase in the investment
trigger for the leader on the other hand. This means that if the probability that the hidden competitor

enters the market is higher, the market leader will invest later, while the follower will invest sooner.

In this paper the investment problem on a limited market with hidden competition is approached
from a different perspective. We examine how hidden competition affects the optimal strategies of
the firms if they are allowed to choose the capacity level. As in Huisman and Kort (2013) we consider
deterrence and accommodation strategies for the leader. We show that the deterrence region shrinks
with the probability of hidden entry. This happens because the larger the probability that the hidden
competitor can enter the market, the more eager the follower is to invest earlier, and therefore it is
getting harder for the leader to deter entry. In fact, we show that hidden competition induces the

positioned firms to enter the market together.

The rest of this paper is organized as follows. Section 2 is devoted to the analysis of the investment
decisions of the positioned firms facing a threat of hidden entry on the market with two places avail-
able. We solve the game backwards, first determining the optimal investment trigger and the optimal
capacity level for the follower. Then we continue by determining the optimal strategies of the firms
when the roles of the leader and the follower are endogenously assigned. Section 3 summarizes the

main results and concludes the paper. The proofs of the propositions are presented in the Appendix.



2 Model

In the model two risk-neutral, ex ante identical firms make a market entry decision. The entrant
becomes active on the market and starts the production process after investing dq in a plant with

capacity of size q.

In the presented setting the two firms that have full information about each other are called
positioned firms. First we assume that firm roles, i.e. whether they are first or second investor, are
exogenously assigned. This creates a benchmark for the situation where both firms are allowed to
invest first, which we analyze later on. The positioned firm that invests first is called the leader and
the second investor is called the follower.! An important feature of the presented approach is that here
the standard duopoly model is extended by incorporating the possibility of hidden entry. Like in
Armada et al. (2011), we assume that at any moment of time the positioned firms face a probability
that a third firm can become active on the market. The information about this firm remains hidden
from the positioned market players. Therefore, this firm is called the hidden competitor. The entry
timing of the hidden firm is modeled as an exogenous event corresponding to a Poisson jump process
with arrival rate . It is assumed that the hidden firm enters the market with a given capacity level
of qi. We follow Armada et al. (2011) by imposing that the market is big enough only for two firms.

Therefore, the follower loses the option to invest if the hidden competitor enters the market earlier.?

The market price of a unit of output is defined by the multiplicative inverse demand function:

p:.’L'(l—Q), (1>

where @ is aggregate market output and x is a stochastic shock process that drives the uncertainty in
the firm’s profitability. Given this structure of the demand function production optimization results
in the fixed optimal quantity irrespectively of the level of x. As a result it is always optimal for the

firms to produce up to capacity.

This specific choice of the demand structure is motivated by the desire to reflect the property that
the market has limited size, which corresponds to the above assumption hat maximally two firms can
enter. A multiplicative demand function implies that, to avoid negative prices, the firms can increase
their output only up to a certain level. Without loss of generality, in this model the maximum total
market output is normalized to 1. In such a setting it is possible for the firms to acquire a market

share large enough to discourage the new entrant from undertaking investment.

If the hidden competitor takes the leader’s position there is only one place left on the market, which will be taken
by one of the firms. Thus, the outcome of the game is not affected by the hidden competition and therefore we do not

consider this case.
2 Here we can think of the industries where the firms face significant barriers to entry, for example, due to the strict

government regulations, exclusive technology, limited resources, patents and licenses.



Denoting the leader’s and the follower’s capacity levels as g7, and ¢p respectively, the total output

quantity given that the hidden firm has not entered the market yet can be written as
Q=4qr +qr. (2)

It is assumed here that x evolves according to a Geometric Brownian Motion:
dx = axdt + oxdZ, (3)

where « is the constant drift, o — standard deviation, dZ — the increment of a Wiener process.

In the next sections we apply dynamic programming techniques to solve the optimal stopping

problem for the positioned firms on the duopoly market described above.

2.1 Exogenous firm roles

In this section it is assumed that the roles of the leader and the follower are assigned beforehand.
The problem is solved backwards starting with determining the follower value function, assuming that
the leader is the positioned firm and it has already invested. Denote by x7.(¢r) the optimal investment
threshold for the follower and by ¢}.(¢r) the corresponding capacity level, respectively. This implies
that the follower will not enter the market until the stochastic component of the profit flow, x, reaches
x3:(qr). On the contrary, for the values of x exceeding z7}.(qr) investment becomes optimal and the

follower enters the market immediately installing the capacity ¢ (qr)-

Thus, the range of = such that z > z7.(qr) is called the stopping region, while the one that
satisfies * < x%.(¢qr) is called the continuation or waiting region. The optimal investment trigger is
found using the fact that at the threshold value the firm’s value of waiting is equal to the value of

stopping, i.e. the firm is indifferent between entering the market and waiting for more information.

Under the assumption that the positioned leader is already on the market it is possible to derive
the value function for the region where the follower waits with investment. As the optimal behavior
of the follower is dependent on the leader’s capacity level, different strategies in terms of the leader’s

capacity choice are considered. This results in the following proposition.

Proposition 1. The follower’s optimal capacity choice for a given level of the stochastic profitability

shock, x, and the leader’s capacity, qr,, is given by

() =5 (1-a - ). (@)



The value function of the follower takes the following form:

A(qL):):B if © < 2} (qr),
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and the optimal investment trigger for the follower
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The equations above lead to the following optimal capacity level of the follower given the leader’s
capacity, qr,

1—qr
ﬁ—i-l'
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It is important to notice that for the given capacity level of the leader, both the optimal capacity
level and the investment trigger of the follower are decreasing with A\. The reason is that in the waiting
region the follower faces the risk that the hidden competitor might enter the market before z7.(qr,). If
this is the case, the follower loses his option to invest. The bigger A is, the more likely it is that such

situation can arise. Thus, the follower has an incentive to invest earlier for larger values of .

Moreover, both the optimal investment trigger of the follower and its optimal capacity level
depend on the capacity that the leader installs. The bigger the capacity level chosen by the leader
the later the follower invests, while it will choose a smaller capacity level given the investment timing.
Based on this result there are two strategies available for the leader: install such a capacity that the

follower enters the market either strictly later or exactly at the same time as the leader.

In order to identify which strategy, and under what conditions, is optimal for the leader, we solve

the leader’s investment decision problem.

2.1.1 The leader’s deterrence strategy

The first strategy for the leader is to choose the capacity level in such a way that the follower
will postpone its investment. Following Huisman and Kort (2013) we call this strategy — the entry

deterrence strategy.



First, we focus on the region where the follower still waits with investment. The problem is solved
backwards starting with determining the leader’s value function. It is assumed that the leader is the
positioned firm which has already entered the market. We consider the following differential equation:

1 2 282VL(x) 8VL(.T)
27 ¥ T a2 o Ox

—rVi(z) + xzqr(1 — qr) + A[®1(x) — Vi ()] =0, (10)

where V;, denotes the value function and the expected discounted revenue of the leader.

If the hidden competitor enters the market earlier than the follower, the leader’s value function
will decrease in comparison to the standard case. This loss due to the hidden entry is captured by
including the additional term in the differential equation, A\[®q(x) — Vi (x)]. As it was mentioned
earlier gz denotes the capacity level chosen by a hidden firm if it enters as a follower. Therefore,
in the case of hidden entry the leader’s value function will depend on the new total market output
Qu = qr + qi- Assuming that the leader has already i(nlvestcegd ?nd the follower is the hidden firm, the

Tqr\l — WH

leader’s value function can be written as ®;(z) = —/———.
r—a

Next, using the fact that in the stopping region both positioned firms are present in the market

we consider the following boundary conditions:

li_I)I%)VL<.Z‘) = 0, (11)

Combining these conditions and the expressions for ¢r and x*(qr), obtained in the previous

section, we find the leader’s value in the continuation region of the follower:

~ qr(1—qr) qLA\qH
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Recall, that the follower will invest as soon as the stochastic process exceeds the value of the
follower’s trigger, 27.(qr,). Thus, to implement the deterrence strategy the leader choses g, such that

x < z}.(qr) given the current value of x .

Taking into account the expression for 7., the deterrence strategy occurs when the leader chooses
the capacity level such that

d(r—a)(B+1)
B—-Dz

qr > q4r. =1 — (14)



Setting the derivative of the value function with respect to qr to zero results into the following

first order condition:

(w(ﬁ—l)(l—qL)>B 5 [_<1— (B+Var) | (B+1)Aan 1 - fa
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The solution of the equation (15) gives us the optimal capacity level for the leader under the

deterrence strategy, qj‘-fet. Further we will show that the leader can use the deterrence strategy if the

det pdet) det is the biggest and ¢ is the

value of the stochastic process x lies in the interval (z , where x
smallest possible value of the stochastic process that allows the leader to implement the deterrence
strategy. The latter can be found by setting the capacity level to zero in the first order condition for

the deterrence problem (equation (15)).

Proposition 2. The starting point of the deterrence region, x3, is implicitly determined by the

following equation:

z3-1) \' & [ .. (B+DIu
<6<r—a><ﬁ+1>> w—l)[ SR pw—y
x TAqQ
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In order to identify the biggest possible value of z for which deterrence is possible, azgd, recall that
the leader uses this strategy only if the followers indeed enters later. This happens for those values of x

that satisfy the following inequality: = < % (q%¢*). Therefore, 23¢ is defined by x% (¢! (x3¢!)) = zdet.

Next, 29° is determined using the expression for #%(qz,) (8) and the first order condition (15):

xget — 45(T B Oé)(ﬂ + 1) (17)
(B+1)(8 = DAgu (B+1)(8—DAgr \?
(B=1) {1~ A+7r—a) +\/<3+ A+7r—a) ) -8

Note that :Uffet and xget determine the feasible region for the deterrence strategy: for the values
of the stochastic component of the profit flow, x, that fall into an interval (xilet,xget), the leader
will consider implementing the deterrence strategy, i.e. choosing the capacity level that prevents the

follower from immediate investment.

As it can be seen, the endpoints of the deterrence region depend on the parameters A, the arrival
rate of the hidden firm, and g, the capacity level of the hidden firm, meaning that introducing an
assumption that a hidden firm of an unknown size can enter the market can influence the possibilities

to implement the deterrence strategy.



Proposition 3. An increase in the capacity level of the hidden firm, qr, leads to an increase in the

starting point of the deterrence region, x‘liEt, and to a decrease in its endpoint, x‘zlet.

Intuitively, the bigger the hidden firm is, the less is left for the leader after the division of market
rents, and thus, the less appealing is the investment opportunity for any given g;. Therefore on the
one hand, the larger = is needed to convince the leader to enter such a market by installing positive
capacity. This explains an increasing pattern in x‘fd. On the other hand, the less incentives has the

leader to deter the follower’s entry, causing mget to decline.

Proposition 4. An increase in the arrival rate of the hidden firm, X, leads to a decrease in its endpoint

of the deterrence region, xget. If gy = 0 the starting point of the deterrence region, m‘llet, also decreases.

det

For qi > 0 the effect of an increase in X on x{* is ambiguous.

The effect of a change in the arrival rate, A, on the endpoints of the deterrence region is shown

in Figure 1.
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Figure 1: 29¢(\, qg) and z9¢*()\, qy) for the set of parameter values: r = 0.05, a = 0.02, o = 0.1,

0 = 0.2 and different values of qp.

In Figure 1a, one can notice two differently directed effects of an increase in A on z¢¢*. On the
one hand, for small gy there is only a declining pattern to be observed. The reason is that for larger
A the leader is more willing to invest earlier in order to collect monopoly rents. On the other hand,
for larger gz numerical experiments reveal another effect of an increase in A. In particular, when the
value of qp is sufficiently large, :L‘Clld is first increasing with A. This indicates that the effect of declining
profitability of the market dominates the advantage of investing earlier and collecting monopoly profits
when the probability that the hidden firm enters the market is sufficiently small. However, after a

certain point the latter effect becomes more important causing xilet to decrease with A.



Considering he influence of a change in the arrival rate of the hidden firm, A, on the endpoint of
the deterrence region, xo we can conclude that both the bigger risk of the hidden entry causes $get
to decline. This means that when the risk that the hidden firm will occupy the last available place
on the market is higher the follower is more eager to invest earlier. Hence, in this case, the more
complicated it is to ensure that the follower will enter the market strictly later than the leader and the
deterrence region becomes smaller. This causes 29 to decrease with A\. Moreover, for larger values
of A this declining pattern is enhanced by the desire of the leader to invest in smaller capacity due to
a decreased profitability of the market. In addition, a smaller capacity does not prevent the follower

to enter.

The dependence between the size of the deterrence region and the arrival rate of the hidden

competitor and the expected size of the hidden firm is shown in Figure 2.
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Figure 2: 23¢/(\, qpr) — 29¢*(\, qi) for the set of parameter values: r = 0.05, a = 0.02, 0 = 0.1, § = 0.2

for different values of A\ and gg.

Here, the decreasing effect of ¢qp is a direct implication of Propositions 3 and 4. The relation
between the size of the deterrence region and the arrival rate A cannot be described analytically due
to the complexity of the expressions. Thus, numerous numerical experiments were carried out to
investigate this dependence, allowing to conclude that a decrease in a:g“ dominates a decrease of x‘liet
for wide range of the parameter values causing the deterrence region to become smaller. The result is
presented in Figure 2b. Huisman and Kort (2013) came to the conclusion that the deterrence interval
expands with uncertainty. However, in the presented setting another type of uncertainty is involved,
namely the uncertainty about the market participants. The region where only deterrence strategy is
optimal tends to become smaller if this uncertainty is larger, or in other words if the risk that the

hidden firm can enter the market is large. This region also becomes smaller for a larger capacity level

10



of the hidden firm for the reason that the leader has less incentives to overinvest.

2.1.2 The leader’s accommodation strategy

An entry deterrence strategy is not the only option for the leader to implement. In fact, the
market can be big enough for both positioned firms to invest at once. The leader can choose such an
investment scale, that the follower will enter the market immediately after the leader. We call this

strategy the accommodation strategy.

Proposition 5. The starting point of the accommodation region, x{°, is determined by

z{ = (ﬂ+3)5(r—a). (18)

Note, that x{“ does not depend on the capacity level of the hidden firm, because under the
assumption of a market with only two places available it is impossible for the third firm of any size to
enter the market, given that the leader has entered and applies the accommodation strategy. However,
the probability A still affects the starting point of the accommodation region. Differentiating (18) with

respect to A we get?

dziec  4é(r—a) 0P

ax — (B—1)2 o

<0, (19)
The interpretation of the decline in x{“ with X is straightforward. The bigger is the chance that
the hidden firm can become active on the market, the earlier the positioned firms should undertake

their investment, because the follower otherwise faces a high probability to lose its investment option.

2.1.3 The leader’s boundary strategy

The main difference between the model presented by Huisman and Kort (2013) and the current
modification is that the results of the latter are to a great extent influenced by two additional pa-
rameters associated with hidden competition. The key assumption of the presented model is that the
positioned firms face a non zero probability of hidden entry, Adt. The investment size of the hidden
player is represented by the parameter qg. Figure 3 depicts the standard scenario with no hidden
entries as well as the situation when the positioned firms face a positive probability that a hidden firm
can enter the market by investing in a positive capacity. The capacity levels ¢%(z), ¢3°“(z) and ¢(x)
for both cases are presented as functions of the stochastic profitability shock, x. This specific example

point out important differences of the presented setting with a standard duopoly model.

oB 1

3 Here we use the observation that —— > 0.

2 \/(a— %2)2+202(/\+r)
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Figure 3: The capacity levels qi¢*(z), 4r(z) and q%(x) for the set of parameter values: r = 0.05,

a=0.02, 0 =0.1, § =0.2.

Earlier xilet was defined as the starting point of the deterrence region. Therefore, in this figure xiiet
is determined by the intersection of qﬁet and horizontal axis. To ensure that the follower invests later
than the leader, the condition that the leader’s capacity is bigger than ¢ has to be satisfied. In contrast,
in order to implement the accommodation strategy the leader should choose a capacity level below g.
Thus, the ending point of the deterrence region, l‘get, and the starting point of accommodation region,

2%, can be found as intersections of ¢ and q%et or q7°¢ respectively.

For the values of A close to zero the picture resembles the result of Huisman and Kort (2013).

Namely, the deterrence and accommodation regions intersect (24 < z$¢). In addition, for the values

c2let only accommodation is possible,

of = below z{“ only deterrence can occur, in the region above x
whereas in the interval (2, 24°!) the leader chooses the strategy that brings the bigger value. In
Figure 3 the functions related to this case are represented by dashed lines, while the endpoints of the

deterrence and accommodation regions are marked with tilde.

However, as soon as the parameters associated with hidden competition sufficiently increase,
the situation presented above changes. The functions for the case when A = 0.2 and qg = 0.2 are
represented by the solid lines. As mentioned earlier, the parameters A and ¢g affect the boundaries of

the feasible regions both for the deterrence and accommodation strategy. As it can be seen, §, shifts

upwards, while qﬁet shifts downwards for every value of z, causing x{“ and :cget to change in such a

det

way that now z¢° > 24, The leader chooses deterrence if = lies in the interval between x¢¢* and

:):get and the accommodation strategy can only be implemented when x is bigger that z{“. Yet, in

12
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the interval between ¢ and x3¢!

neither a deterrence nor an accommodation optimal capacity level
can be installed by the leader and in this region it is optimal for him to invest at the boundary level.

This situation is illustrated in the next figure.
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Figure 4: The value functions Vi (qr) and V{““(qr) for the set of parameter values: r = 0.05,
a=0.0206=01,0=02, A=0.22, qg = 0.2, x = 0.01.

The intuition behind this result is as follows. In the presence of a high risk that the hidden
firm will enter the market it is harder to deter the follower from occupying the last available place.
Therefore, on the one hand we observe the shrinkage of the deterrence region for large A, resulting in
the fact that the optimal capacity level for which deterrence is optimal falls below ¢, which is in the
accommodation region (see Figure 4). On the other hand, the optimum in terms of capacity choice
cannot be reached for the accommodation strategy either, as the market is not yet big enough. This
we see in Figure 4, where maximal accommodation profits are reached for a g being greater than ¢,
which is in the deterrence region. Therefore, the leader can only invest at the boundary, i.e. choose
the capacity level ¢ and enter the market simultaneously with the follower. Proposition 6 gives the

condition under which this boundary solution occurs.

Proposition 6. Given that \(8q — 1) > r — a, it holds that 24t < z§°.

The above condition is sufficient for the boundary region to exist. The obtained result entails that
if the parameters reflecting the degree of the hidden competition, A and ¢z, become big enough, while
the difference r — « stays relatively low, the boundary region always exists. This can be interpreted
in the following way. High A means larger risk of losing the last place on the market for the follower.

Smaller r leads to higher NPV of the future cash flows from an investment, while large o implies

13



better market growth prospects. As a result for smaller r or (and) larger o the follower is more
reluctant to lose his investment option. Therefore, for larger A, larger a and smaller r to secure the
place in the market the follower chooses simultaneous investment earlier, before the optimum for the
accommodation strategy is reached. This guarantees the existence of the boundary strategy. Larger
capacity of the hidden firm, gy, decreases attractiveness of the investment for the leader. As stated in
Proposition 3 the bigger firm is expected to enter, the less incentives has the leader to implement the
deterrence strategy, even when the market is not yet big enough to install optimal accommodation
capacity. This makes room for the additional entry accommodation, or in other words the boundary

strategy.

2.2 Endogenous firm roles

In this section we assume that the roles of the leader and the follower are not preassigned and
both positioned firms are allowed to invest first. For low values of x the firm investing second gets
the largest value. Thus, in this case the demand level is so small that it is optimal for the positioned

firms to postpone their investment.

However, once the market becomes big enough the role of the market leader becomes more
beneficial. In the current setting the advantage of the first investor comes from two different sources:
investment timing and capacity choice. The timing effect is associated with the fact that increasing
market profitability creates incentives for the firms to preempt their rival and thereby to induce the
second investor to enter later. In this case the reward for the first entrant is a period of monopoly
profits. As a result the firms engage in timing preemption. In particular, as long as the value of the
first investor exceeds the value of the second investor, each positioned firm will have an incentive to

invest a little earlier in order to become market leader.

On the other hand, if the degree of hidden competition is large the value of the deterrence strategy
decreases as it becomes too costly to prevent entry of the second firm. Therefore, in the deterrence
region the market is too small to bear such costs and the leader gets lower value. As a result it is
optimal for the firms to wait till simultaneous investment is possible. However, even when the market
is big for the firms to invest at once, the concept of Stackelberg leadership implies that the leader has
an early mover advantage and sets the capacity level first causing a difference in payoffs of the first
and second investors. This results into what we have named a capacity preemption game where the
firms have incentives to invest in a smaller capacity which allows to undertake earlier investment and

take the leader’s position.

Both preemption games described above hold, unless the advantage of being the first investor is

not present. This is when the market is so small that the first and the second investor get exactly
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the same value. We denote the value of the stochastic process that corresponds to the preemptive
equilibrium by x;, and call it the preemption trigger. This point can be located in three different
regions: where the leader applies either deterrence or boundary or accommodation strategy. Given
that at the preemption point leader and follower values must match, the next proposition tells us that

the preemption point cannot be situated in the accommodation region.

Proposition 7. If x > x{, the value of the leader always exceeds the value of the follower.

Consequently, it is either the deterrence or the boundary capacity level that determines the
preemption trigger, which is derived as an intersection of the corresponding follower and leader value
functions. These intersections are denoted by mget and &, respectively and can be found by solving

the equations below:

L") = F(ey af"), (20)
f/(fp) = F(iﬂpquL)' (21)

Recall that if X\ is small, the boundary strategy is irrelevant. Therefore, as in the benchmark
model of Huisman and Kort (2013) where A = 0, the preemption equilibrium always occurs in the

deterrence region, implying that the first investor enters as soon as the stochastic process x hits the

det

preemption trigger, x,“,

while the second investor postpones its entry till zp. However, for sufficiently
large A it is also possible that the preemption trigger lies in the boundary region, where it is optimal

for the firms to invest simultaneously at &,. The latter situation is illustrated in Figure 5.

0. 020

0. 015r

VE (X)

0. 0101

Vi (x),

0. 005

0. 000

Figure 5: The value functions V;'(x) and Vji(x) for the set of parameter values: r = 0.05, a = 0.02,
o=01,5=02, \=022, gy = 0.4.

15



As it can be seen, in contrast to the standard result the follower value declines with x in the

boundary region. This result is analytically true, which is stated in the following proposition.

Proposition 8. The value of the follower declines with x in the boundary region.

Intuitively this result can be interpreted in the following way. The follower value can be affected
by an increase in z in two ways: via investment timing and via capacity choice. In this problem the
investment timing of the follower is always given. This is because the boundary capacity level of the
leader is determined such that * = zp(qr), implying that as the stochastic component of the demand
function increases the leader increases its capacity such that the new level of x exactly corresponds
to the follower investment threshold. Proposition 8 proves that the follower value is more influenced
by the capacity effect, i.e. it declines as the capacity level of the leader increases, than the increase in
price for a given capacity due to the growth of x. As a result the follower gets lower value for larger
x due to an increase in the leader capacity level. This allows the leader and the follower values to
intersect in the boundary region, implying that preemption point is located in an interval where the

firms invest simultaneously. In this case the firms engage in capacity preemption.

Proposition 9. There exists \y(qr) such that for X > \p(qu), preemption always occurs for a bound-

ary capacity level, while for A\ < A\,(qu) — for the deterrence capacity level.

9\ qr) if A< Aplan),
zp(A i) = (22)

B i A> Alan).

This \p(qr) implicitly determined by

AqH B B(N) _
Ntr—a (B -DBO)+2) (23)
with
2
ﬁ()\):;—:2+\/<—;+:2> +2(T(;QA). (24)

Proposition 9 means that )\, is the arrival rate of the hidden firm such that for A > X\,(¢x) both
positioned firms invest simultaneously at the boundary capacity level, ¢, while similarly to the original
model by Huisman and Kort (2013) for A < A\,(¢m), the first investor implements an entry deterrence
strategy acquiring q%et. Intuitively, the larger is the hidden firm that is expected to enter the market,
the more attractive is the boundary strategy for the positioned firms, as it guaranties that the hidden
player loses the chance to invest and the moment that both firms enter. Hence, the leader is not
exposed to the risk that it has to compete with a large hidden firm since the other positioned firm

invests at the same time as the leader.
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Proposition 10. The arrival rate \,(qr) declines with the size of the hidden entrant, qp.

Thus, a larger capacity of the hidden player implies a larger range of A and gy for which simulta-
neous investment takes place. This is illustrated by the numerical example in Figure 6. As it can be
seen, for a larger capacity of the hidden firm the positioned firms are more willing to invest at once,
as by doing so they occupy all available places on the market and thus prevent undesirable entry of a

large hidden player.

Deterrence Boundary

aH

Figure 6: The possible strategies of the leader depending on A and qp for the set of parameter values:
r=0.05, « =0.02, 0 =0.1, 6§ =0.2.

The proposition below gives an optimal investment trigger and the corresponding capacity level
of the positioned firms when A > A, (qg), i.e. when they enter the market simultaneously due to the

relatively high risk of hidden competition.

Proposition 11. The preemption trigger determined by the boundary capacity level, &, is given by

. _0(r—a)(f+2)

= 2
Tp (ﬁ _ 1) ’ ( 5)
with the corresponding capacity level
R 1
i) = 375 (26)

Note that this investment threshold implies that the positioned firms not only invest at the same
time, but also at the same capacity level, as the first mover advantage of the leader disappears due to

the rent equalization property in the preemption game.
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Differentiating (25) and (26) with respect to A we get?

0T,  36(r—a) 0f
DG on <" @)
9q(&p) _ 1 o8
R CES AR (28)

Thus, we observe the negative dependence between arrival rate A and the preemption trigger z,, as

well as the capacity level at this preemption point §(z,). To interpret this result recall that

(B+1)d(r —a)
B-1z

q(x) =1- (29)

0q(x)  20(r—a) OB
ax ~B-1% " 30)

where ¢(z) is the maximal capacity level of the leader such that the follower invests immediately for a
given = (z = xzp). As it can be seen from (30) the boundary capacity level for a given x is larger if A
increases. In other words the follower facing the threat of loosing the last available place of the market
is willing to accommodate for a larger level of the leader’s capacity for a given x. Consequently, the
bigger is A the closer is leader’s capacity level to the optimum level for the accommodation strategy
leading to an increase in the leader value. The follower value on the contrary decreases with A\ as
a result of an increase in the leader’s capacity level. An increase of the leader value together with
decrease in the follower value result in the earlier preemption point. That is why &, decreases with A

as well as the capacity level at this point.

Note that the capacity of the hidden firm, qg, does not exert an influence on the preemption
point Z, in this case. This happens because applying the boundary strategy implies that both firms
invest at once occupying all available places on the market and therefore the third player, the hidden

firm, looses the option to invest, i.e. to install capacity.

The analytical expressions for the preemption trigger, (25), and the capacity level, (26), corre-
sponding to the boundary strategy can be used to analyze the effect of uncertainty. The next figure

shows how a change in o affects £, and ¢(&,) for different values of .

4 Given that % > 0.
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(a) The preemption trigger &,(o) (b) The capacity level 4(&p(o), o)

Figure 7: The preemption trigger £,(c) and the corresponding capacity level 4(&,(0),0) for the set of

parameter values: r = 0.05, « = 0.02, 0 = 0.1, § = 0.2.

As in Huisman and Kort (2013) both the preemption trigger and the corresponding quantity
increase with uncertainty. This confirms the standard result in the real options literature that un-
certainty creates a value of waiting causing the firms to postpone their investment decisions. In
the present model an increase in investment threshold due to uncertainty is less for larger A, as an
increasing probability of the hidden entry induces earlier investment.

Consider now the case when A < A,(¢gm) and the first investor prevents an immediate entry of
the second investor by installing the deterrence capacity, q%d. In this case the leader invests at the

moment z hits z9 | while the follower waits till z 7. These thresholds are described by the following

P
proposition.
Proposition 12. The preemption trigger for the deterrence capacity level, xZBt s determined by
Ldet(l’get, q%et) _ F<x;let7q%et)’ (31)
with
F(z,qf") = Algf")2”, (32)
det 1— qdet) qdet)\qH
Ldet dety _ ar, ( L _ L —§ det
(z,q77) =2 r—a m()\—i-r—a)(r—a) L
- <x<ﬁ — (- q#f))ﬁ [ Saf S8+ DafAan 53
6(r —a)(f+1) B-1) B-1DA-g¢")A+r-a)]’
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and q%et implicitly determined by

(Mﬂ—Dﬂ—@m)ﬁ 5 [_u—uuﬂmm+xﬁ+an1—5%
S(r—a)(B+1) ) (B-1) (1—4qz) A+7—a)(l—qp)?

x(1—2qL)_ TAGH s

+ r—a (r—a)A+r—a) 0=0. (34)

The second investor enters the market once x reaches

S(r—a)(B+1)
EEnErr) )

rTp =

acquiring o capacity of

1— qdet
qr = ﬁ+ﬁ. (36)

Consider now the dependence between the preemption point x, and the capacity of the hidden

firm for a given A.

0.013
0.012r

~ -
T 0.011f
'S

X

0. 009

0. 008

Figure 8 The preemption trigger xp(qu) and the follower trigger xp(qp) for the set of parameter

values: » =0.05, « =0.02, c =0.1, § = 0.2, A=0.1.

In the Figure 8 the preemption point for the boundary strategy, &, is not affected by the capacity
of the hidden firm, because as mentioned earlier the simultaneous investment of the positioned firms

implies that the hidden player loses the chance to install capacity. The effects of an increase in qg

on the deterrence preemption trigger, xget, and the follower’s investment threshold, xp, result from

changes in the leader and the follower values.
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Intuitively, the leader value is lower if the hidden firm is larger. This is because the market
becomes less profitable given that when the hidden firm becomes active, it does so by installing a
larger capacity. An increase in the capacity level of the hidden firm affects the follower’s value only
through the leader’s capacity choice. The bigger the potential entrant is, the more incentives the
leader has to reduce its capacity and as a result to stimulate the follower to enter the market earlier
in order to prevent the hidden entry. Hence, the follower value increases for every x. Together with

the decrease of the leader value, this shifts the preemption point to the right.

The follower’s entry threshold is also influenced only indirectly by the capacity of the hidden firm
through the leader’s capacity choice at its optimal point in time. Due to the described effects, the
bigger is the hidden firm that is expected to enter, the later invests the leader and later investment
implies a larger capacity. On the other hand, the leader reduces the capacity for every level of . The
combination of these two effects is the reason for the non-monotonicity in the optimal leader capacity

at the preemption point as a function of gz as demonstrated in the Figure 9.

0. 40

—— q%*(x,0)
gt (x,0.5)
0.35 qft (x,0.9)

"z 0.30F

%t (x,q

s 0. 251

. i S i .
det det det
0 Xp Xp Xp 0.03
qu=0 qy=0.5 gy=0.9
X

Figure 9: The capacity level q%et(ac,qH) for different values of qg for the set of parameter values:

r=0.05 a=002 0c=0.1,6§=0.2.

Due to this non-monotonic relationship between leader and capacity and capacity of the hidden
firm, the follower threshold first increases with ¢y and then declines until it reaches the threshold for

the boundary strategy as depicted in Figure 8.

Now consider the influence of the arrival rate of the hidden firm on the firm’s optimal investment

thresholds under the deterrence strategy.
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Figure 10: The preemption trigger x,(\) for the set of parameter values: r = 0.05, o = 0.02, o = 0.1,
0 =0.2.

Figure 10 depicts the dependence between the preemption trigger, x,, and the arrival rate of
the hidden competitor, A, for different capacity size of the hidden player. The dashed line in the
figure depicts the investment trigger related to the boundary region, whereas the solid lines, each
corresponding to a different capacity level of the hidden firm, represent the deterrence investment
trigger, which is now the focus of our analysis. As it was shown before, for a larger capacity the region
where it is optimal for the first investor to use the deterrence strategy shrinks. Moreover, we observe
different effects of an increase in the arrival rate of the hidden firm on the investment threshold for
different size of the hidden firm. Thus, to interpret this result it is reasonable to consider the scenarios
of small and large g separately. In what follows we first consider the scenario with gz = 0, followed

by an analysis of a situation with large qpy.

2.3 Small hidden firm

If the capacity of the hidden firm is small its entry is beneficial for the leader. In the extreme
case of gy = 0 the advantage of hidden entry is particularly big as it implies that the follower loses
the option to invest and the leader becomes a monopolist on the market. Thus, an increase in the
arrival rate of the hidden firm has a direct effect on the leader value, namely, the value increases for a
given x due the attractiveness of the investment opportunity. On the other hand, a higher probability
of hidden entry affects the follower’s decision, resulting into an indirect effect on the leader value. In
fact, facing the threat of losing the last available place on the market the follower is more eager to

invest earlier. Therefore, it is more costly for the leader to perform the deterrence strategy, i.e. to
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induce the follower to invest later. Thus, for each level of x bigger capacity is needed to ensure that

the follower indeed invests later.® This leads to a decrease in the leader value for a given level of x.

The total change in the leader value is determined by the predominance of one of these effects.

Intuitively, for small z, when the investment opportunity is unappealing, the follower is less eager
to invest and the direct effect dominates. However once z becomes sufficiently large the investment
becomes more attractive, making the credible deterrence of the follower’s entry more difficult. Thus,
the second effect becomes dominant leading to a decrease in the leader value. Moreover, for larger A

the second effect starts dominating earlier, as the follower becomes more aggressive facing bigger risk
of the hidden entry.

As a result of entry deterrence the follower value is always lower for larger A, as it is forced to
postpone its investment, while at the same time the probability to lose its investment option is large.
Moreover, numerical experiments show that as a result of an increase in A the decline in the follower
value is always large enough to ensure that the intersection of the leader and follower value curves

takes place for lower values of x. This results in the fact that the preemption point always declines
0. 025

with A for relatively small capacity of the hidden firm, Figure 11 illustrates this result.
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Figure 11: The preemption trigger x,(\) and the follower trigger xp(X) for the set of parameter values:
r=0.05 a=002 0=0.1,0=02 gy = 0.15.

The implication for the follower threshold is that it is influenced by a change in A both by the
desire to stay on the market, and by the change in the optimal capacity level of the leader at the

® Although analytical expressions for ¢#¢' cannot be obtained, careful numerical simulations confirm that the presented
relation holds for the considered range of A, A < A\p(qm)
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moment of investment. The optimal capacity of the leader is in turn affected by both preemption
timing and the capacity choice that insures credible deterrence. As discussed earlier an increase in A
leads to an upward shift in the leader capacity level for each value of x together with a decrease in the
leader investment threshold as a result of preemption game. Therefore, if the decrease in investment
timing is large enough, the leader capacity at the moment of investment will be lower for larger A.
However, for a relatively small decrease in the investment threshold together with larger upward shift
in the capacity curve an increase in A can result in a larger leader optimal capacity at the moment of
investment. This causes the non-monotonicity in the follower investment threshold similar to the one
shown on the Figure 9. However, in the considered model the risk associated with later investment is
too high, as the opportunity to enter the market might be lost forever. As a result, an increase in A

causes the follower to become more aggressive and invest earlier for higher A.

2.4 Large hidden firm

Now consider the situation when g is sufficiently large. Here we restrict ourselves to scenarios
where the firm’s revenues are positive. Namely, we exclude the possibility of negative prices by
restricting the considered range of the capacity of the hidden firm, namely gy < max{1,1— q5}. For
qrr being large the opposite situation occurs. In the event of the hidden entry the leader is left with a
relatively small market share, and thus wants the follower to invest earlier to prevent the hidden entry
for bigger values of A\. Therefore, as A increases the leader reduces its capacity to tempt the follower

to enter the market for lower z.

The effect of an increase in A on the value functions can again be decomposed in two parts. On
the one hand, the bigger the arrival rate the more probable it is that the hidden firm enters with large
capacity, thus the lower is the leader value due to the direct effect. On the other hand, the bigger is
the arrival rate the more eager is the follower to invest, which is good for the leader. Therefore, its

value is increasing due to the indirect effect.

For small z investment is not attractive yet, thus, an increase in A\ exerts less influence on the
follower’s investment decision. Therefore, the direct effect associated with the entrance of a large
hidden player dominates causing the leader value to decrease. For larger x the investment opportunity
is more valuable and as a result the follower is willing to invest sooner to occupy the last available
place on the market. This situation is favorable for the leader and, therefore, the second effect of an
increasing leader’s value becomes more important. As in the previous case the larger is A, the sooner
the indirect effect becomes dominant. This happens because in the presence of bigger hidden entry
risk the desire of the follower to invest sooner outweighs the direct negative effect of possible hidden

entry for lower . On the other hand, the follower’s value in this case increases with A as the leader

24



rewards the follower even more for early investment, while the follower is already willing to do so.

Combing these results we conclude that when market is small it is more likely that the leader
declines with A while the follower value increases, resulting in an increase in their intersection point.
When the bigger market becomes more profitable, larger A leads to the increase in both follower and

leader values, shifting their intersection point to the left.

As a result, the effect of an increase A on the preemption point for the deterrence strategy which
is determined by the intersection of the value functions is non-monotonic. In particular as we observe

in the next Figure :cget()\) first increases with A and then starts declining.
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Figure 12: The preemption trigger x,(X) for the set of parameter values: r = 0.05, o = 0.02, o = 0.1,
0=0.2, qg =0.7.

For the follower the implication is the same as in the case of zero capacity of the hidden firm.
Namely, increasing risk of the hidden entry induces the follower to invest earlier in order not to lose

the chance to enter the market and as a result the follower trigger declines with A.
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3 Conclusion

This paper examines firm’s strategies when making an investment decision under uncertainty,
which includes both timing and the capacity level. After allowing the firms to choose the capacity
level in the duopoly model with hidden competition, we found new effects of the possible entry oc-
casion of the hidden firm. As a result, and in contrast with the basic model, the optimum for the
accommodation capacity level is not available immediately after the deterrence region ends and for a
non-zero probability of the hidden entry a gap between the two strategies is generated. Intuitively, the
deterrence region becomes smaller if the uncertainty about the market participants is high, because
the follower facing the threat of losing its investment option is more eager to invest earlier and it is
getting harder for the leader to deter this entry. On the other hand, the market is not yet big enough
to acquire the optimal capacity level for the accommodation strategy. Thus, in the gap region the
leader choses the strategy that maximizes his value, namely, invests at the boundary capacity level
stimulating immediate investment of the follower. This strategy is equivalent to the entry accommo-
dation in terms of timing. However the usual entry accommodation implies a larger capacity level of
the leader. Therefore, in the endogenous roles game when relatively large hidden player is expected
to enter with a sufficient probability, the deterrence strategy becomes too costly to implement and
the first investor deterring the entry of the second firm always gets a lower value. As a result, the
preemption game between positioned firms leads to capacity preemption implying that the leader and

follower enter the market simultaneously.

Finally, it is important to point out the possibilities for the further research related to this topic.
First, it is worth mentioning that the obtained results are derived for the specific case of the market
with only two places available. Thus, it is important to consider the more general setting where
the assumption of the limited market places is relaxed in a way that the follower does not lose the
chance to invest once the hidden competitor becomes active on this market. Intuitively, as long as the
multiplicative demand function is used the firms are limited in the capacity expansion by the condition
for non-negative prices. As long as we consider the markets described by this specific demand structure,
the positioned firms will always have incentives to install the capacity large enough to prevent the
entry of the hidden player. That is why it is interesting to consider how the assumption of hidden
competition affects optimal investment behavior of firms on markets described by alternative demand

functions with unlimited places available.

Further analysis also needs to be done to examine the influence of the entry decisions of the
positioned firms on the arrival rate of the hidden firms. The more profitable is the market, the more
attractive is this market for the potential entrants. Therefore, the mean arrival rate of the hidden

rivals may decline with every new entry, as the market becomes less profitable.
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4 Appendix

Proof of Proposition 1

To determine the optimal quantity, the follower solves the following maximization problem, given

the level of Brownian motion, x :
o
Vix) = mCSLXE [/ qgrz(l — Q) exp(—rt)dt — dqr| . (37)
0

If the leader has already invested, the value of stopping for the follower, denoted by F(x), is given
by 6

r—o

Flz) = E [ /0 T et — 5(4 _warl=Q) 5 (38)

The first order condition for the follower in this case takes the following form:

8(; [7“ :—U « (1= (gr +qr)) ar — 5qp] —0. (30)

Thus, the follower’s optimal capacity level is equal to
1 o(r —a)
* - (1= _ . 40
qp(r,q1) = 5 ( qL - > (40)
The total quantity, @, takes now the following form

Qo) = Qlaan). ) = au +ala) = (140 - ). (41)

Substituting the expression for gp into the follower’s value function, we get

(21— 1) = 5(r —@)*

F = 42
(z) 1 — o) (42)
The value function of the follower in the continuation region can be found by solving”
1 O*F oF
502m2 83;(;6) + ax 8;@ —(r+AN)F(z)=0. (43)

Denoting z is the trigger value for the follower, we consider the following boundary conditions:

lim F(z) =0 (44)

xz—0

5 The discount factor is assumed to be larger than drift, » > «, otherwise waiting would always be an optimal policy.
"The problem is solved by applying dynamic programming methods presented in Dixit and Pindyck (1994).

27



lim F(z) = rrqr(l — Q)

TR r—o

—dqr (45)

i 2F@) _ar(1-Q)

TR 8$ T—

(46)

Considering the condition (44) we can write the solution of the presented above differential equa-

tion as F(x) = Az® with 8 equal to®

1 « 1 a\® 20+
=- -2 o) 2T S 1
=5 02+\/( 2+02>+ s (47)

From the value matching (45) and smooth pasting (46) conditions we get the expression for A

1 1-—

xF r—«

and for the trigger value xp:
Bo(r — a)

RENCEE) )

From the previous section, at the moment of investment the optimal capacity of the follower ¢

and the total quantity on the market, (), are given by

qp(w,qL) = % (1 —qL — W) : (50)
Q(z,qr) = % (1 +qr — W) : (51)

Hence, the optimal investment trigger, 27 and the follower’s quantity, ¢7 given the capacity of

the leader, qr, are defined by

00 = 1 — )’ (52)

1—qr
ﬁ-i-l'

ar(qr) =

Substituting the results in the expression for A:

(B0 -a)\ 601 —qp)
A("L)‘<6<r—a>w+1>> CEDICED) (54)

®Here f3 is the larger root of the fundamental quadratic equation 20°z8” + (a — 30°)8 — (r + A) = 0.
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Therefore, the compact solution for the follower’s problem is given by

A(qL)xﬁ if x < 23.(qr),
F*(z) = (55)
[2(1 —q) = 6(r — a)]?
da(r — a)

if x> 2%.(qr).

Proof of Proposition 2

Define ¢ (x) as the left hand side of the the equation (34) in the case when ¢z, = 0:

oy (B0 5[

r—a)(f+1 -1) A+7r—a)
x TAQH
— — 0. 56
+r—a (r—a)A+r—a) (56)
Therefore, 29! is implicitly determined by the equation 1 (x) = 0.
Note that
¥(0) = —0 <0, (57)
. )
V(xR (0)) = B-1 >0, (58)

M) M+r—a)—Mm [, (A+r—a)—(B+Dru B z(3—1) p-1
oz A+r—a)(r—a) (1 ( )) ) (59)

- A+r—a)—Mr B+1\d(r—o)(f+1
Differentiating (59) with respect to = we get:

_ s
O*(z) _ 5—2/85 (%) (B+ 1A — (A +7—a))
. A+7—0) : (60)

For x > 0 the above function is either monotonically increasing or monotonically decreasing
depending on the combination of the parameter values.

()

Consider z € (0,273(0)). Evaluating the first derivative
x

at the endpoints of this interval

we obtain

N(x) Ml =qu)+r—a
0r le=0 A +7—0a)(r—a) >0 (61)
0v () (B -DMg+Atr—a
9r lo—er@  BIDAtr—a)r—a) = (62)
() 0(x)

Given the monotonicity of > 0. From

we can conclude that for z € (0, z7(0)),

0x?
this fact in combination with the results of (57) and (58) we deduce that x¢' exists.

ox
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Proof of Proposition 3

Consider equation (56), which implicitly determines x¢/. Applying implicit function theorem to

(56) we get

oY(z,qm)
dm‘liet _ 8qH x:x%et‘ (63)
dqn oY (z, qm)
8.%' Z‘ZxdEt
1
det
As &g(ac) > 0 from Proposition 2, in order to show that C(lixl > ( it is sufficient to demonstrate
T qH
that 2041) o,
OqH
G < z(8—1) >ﬁ S(B+DA Z\
oqu S(r—a)(B+1)) B-DA+r—a) (r—a)A+r—a)
_ p-1
_ A ( z(f—1) > ~1]. (64)
(r—a)A+r—a) d(r—a)(B+1)
r—o . xT - 6_1 aw(l" qH)
d B+1 * B—-1
For « < % = [I}F(O), it holds that (W) < 1. Hence, 8(171_[ o <0
I—Il
det
and =1 > 0.
qH
Recall that the endpoint of the deterrence region is given by
. 46(r —a)(B+ 1
(B+1)(8—1)Agn (B+1)(8—1)Aqgn
1= _
(8 )|: A+7—a) A A+7r—a) 8
Differentiating with respect to qp gives
3+ 0+ G~ Dy
15(r—a)(B+1)°A | —1+ Orroo)
\/(3+ GG D)’
8QH N 2 2
B _(B+1D)(B=1DIm B+DB=DAgu "~
A+r—a) (1 (/\+T—a) +\/<3+ O+r—a) ) 8)
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0z (qm)

(B+1)(B—=1)Au

Denote B = > 0, so that we can rewrite as
A+7r—a) Aqy
B
46(r — a)(B+1)%X (1 + 3+)
Oxf ! (qm) _ (3+B)" -8
oqu '

A+7—a) (1—B+ (3+B)2—8)2

det
Given that (—1 + 3+B> > 0 we can conclude that (9xg

vV (3+B)*-8

(qm)
qH

<

Proof of Proposition 4

Rewrite 24 as

46(r — a)(B+1)
det __ (/B - 1)

0.

Ty =

A+r—a) A+7r—a)

For the simplicity denote the denominator of (68) as D(B) with B =

the derivative of with respect to A takes the following form

. <ﬁ+1>(5—1>AqH+\/<3+<5+1><6—1>AqH>2_8'

(B+1)(B—1)\qn

A+7r—a)

IB(N) 8(r — a) OD(B)9dB OD(B)\ 46(r —a)(B+ 1)
gty on (poip PP ( 95 _on " ox > G-1
O\ B D(B)?
_ 4(r—a) [0B(N)2D(B) = (9D(B)d3 OD(B)
~Gonr o e (Carat Can) 6],
where
dDB) (B -D(r—a)gm [ 3+B
oA (A+r—a)? ( bt (3+B)28)>0,
OD(B)  28Mqu [ 34 B
98 Otr—a) ( b (3+B>28) >0
and

9B _ 1 > 0.

0 \/(a—‘i)2+202()\+7“)
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Note that D(B) =1— B+ /14 6B + B? is positive given the range of B, because D(0) =2 > 0

and the function D(B) is monotonically increasing with B:

ob(B) B+3 9+ 6B + B?
— — 1=y ——=__1>0. 73
9B~ \116B+ B2 1+6B+ B (73)
95 (\)

< 0.

Thus, all the terms inside the brackets in (69) are positive and we conclude that I

Now we want to show that 29! decreasing with X if gz = 0. Applying the implicit function

theorem to (56) we get

oY (z, B(A))
dxtliet oA z=xdet
A (m ) ' (74)
Oz :szfet
Using the fact that 81g§cx) > 0 it is enough to prove that ‘%(%f()‘)) > 0.
00 (x, B(N) _ D(x, BN) 95 -
oA N ap o\’
where a—ﬂ > 0, so that we only need to consider M, which is given by
o\ op
00(x, B(N) _ D(x, 6N) 95 7o)
oA N ap o\’
(B-1z_\" (8-
o, 50) O (wwrss) (6+ Vo (Gitoss) +1) (77)
O\ N B2 —1
Consider
_ Bz

i ; ; : : S(r=a)(B+1) \~ 75Ty —
Given that g(8,z) function monotonically increases with z, and ¢(/3, S B+1) = 0, for

NCLICAERY)
oA
and A for gy = 0 it is sufficient to show that x

v < %e—ﬁ it holds that g(8,z) < 0 an

negative relation between x

> (0. Therefore, demonstrate the

1
¢liet (liet < S(r—a)(B+1) =77 |

(B-1)
If g = 0 29! is implicitely determined by 11 (2%, 8) = 0 looks with vy (x, B) equal to

B z(f—1) s x
¢1<f7/3>——(5<r_a)<5+1)> G-D r—a ® (79)
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S(r—a)(B+1) 1 0 __B
W gogy e T = oy (T B DT -5 +1) (50)
r—a)(f+1) __1
an, vl : € i(ﬁ e 7,9 =0 (81)
(S m 5 (B+3) ([erT —eFh] g4 em)
- 2 2 <0 (82)
95 e (8~ 1)
e T N | o
Thus, R > 0, which together with the fact that ¢ (z, 8) is increasing with
det
x 9 implies that z{¢ < %e_ﬁ, As a result W _ > 0 and di\ < 0.

Proof of Proposition 5

In the stopping region the value function for the leader looks as follows

1 _ *
Vgcc _ xQL( (QL + QF(QL)) N 5QL- (83)
r—a
. . . . 1 5(r — o)
Substituting the optimal capacity level for the follower, ¢}.(x,qr) = 3 1—q,— ——= ] and
x

maximizing with respect to qr gives the following first order condition:

gvee g '

Thus, the capacity level of the leader can be written as

() = (1 - 5(;0‘)) | (85)

The next step is to substitute the resulting expression into (83) to obtain the value of the accom-
modation strategy for the leader

[z —8(r —a))?

V(ZCC —
8x(r — «)

(86)

The accommodation strategy is implemented by the leading firm when the optimal capacity level

of the leader, ¢7°°(z), is such that the other positioned firm follows immediately after, that is when

vy (x)) < . (87)
o Ya(@,8) _ 1 _ B z(p-1) Lo S+
oz ‘(r—a)(l 5+1(6<r—a>w+1>> >>°f° RS
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Let z{“ denote starting point of the accommodation region, i.e. the level of the stochastic

profitability shock such that

2% = 2 (g (25))

Given the equation (85), the optimal trigger for the follower can be now written as

20(r —a)(B+ 1)z

) = B D+ ot —a)]
Solving (88) we get
zlzcc_ (IB+3)(5(T’— )

Proof of Proposition 6

The endpoint of the deterrence region is given by

et _ 15(r — a)(8 +1)
(B+1)(8—1)Aqn (B+1)(8—DAgr \?
(B=1) 1= A+7r—a) +\/<3+ A+7r—a) ) -8

Using the notation of Proposition 3 we can rewrite 3¢ as

ngEt — 45(T - Oé)(ﬂ + 1) )
B-1) [1—B+\/1+63+B2]

(90)

(91)

(92)

We can write the difference between the endpoint of the deterrence region and the starting point

of the accommodation region as

:I;det 29cC — 45(T — Oé)(,@ + 1) _ 5(T — Ck)(ﬂ + 3)
C N -ni-BrviteBT B (B-1)
_40(r—a)(B+1) 48 +4 (8+3)

(B=1) [1-B+VI+65+ ]

_ 48(r — @) (B +1) }[4“4_(%3)(1_%@)]

(8-1) [1—B+\/1+6B+BQ

40(r — 1
_ (r=a)(B+1) [(ﬁ+3 <3+B \/1+GB+B2)—8} (93)
(B-1) [1—B+\/1+6B+B2}
40(r — 1
From the derivations in Proposition 4 it follows that (r=o)B+1) > (0. Thus,
(B-1) [1—B+\/1+6B+BQ}
xdet — 29 < 0 when

(B+3) (3+B \/1+GB+BQ)—8<O (94)

34



Using the property that 8 > 1 we can rewrite the inequality as follows

8
34+ B-v1+6B+B— —— <0 95
B8+3 (95)
3+B-—>_ <« \/14+6B+ B (96)
B+3 '

The expressions on both sides of the above inequality are positive as for § > 1 it holds that

——— < 2. Therefore, for 3¢ to be smaller than x¢° it is enough to prove that

B+3

8 \2
3+B—-——) <1+6B+ B? 97
(3+8-555) 7
16 64
9+6B+B*-(3+B + <1+6B+ B? 98
48 64 16

8 — + < B 99
B+3 (B+3)? p+3 (99)

(B-3)(B+3)+8
B> 100
2(5+9) 1o

B -1
B> ———. 101
2(8+3) (101)
Substituting the expesion for B we get
2—1)A 21

(B*=DAqu _ B (102)

A+r—a) = 2(8+3)

)\qH 1

> . 103
Brr—a) 26+ 1o
1 1 A 1
Given the restrictions on 3, one can see that m < 3 Therefore, as long as ﬁ > 3

(or put differently A\(8¢ —1) > r—a), inequality (103) always holds, implying that z4¢* < z¢°°. Hence,

equation (103) is the sufficient condition for the existence of the hysteresis region.

Proof of Proposition 7

Recall that the value of the first investor implementing accommodation and the corresponding
capacity level are given by

(x —8(r —a))?

Vit(z) = 8x(r — «)

(104)
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and
i) =5 (1- ). (105)

The value of the stochastic process that triggers investment of the follower can be found by

substituting ¢7°“(x) into the expression for xp(qr).

_ 28+ 1)ox(r — )
(B=1)(0(r —a)+z)

(106)

Solving for x we get

acc __ (5(7"—@)(54—3)
B (107)

Note that 2% = z{°. This means that it is never optimal for the follower to wait in the

accommodation region. Thus, we consider only the value of stopping, which is equal to

(x —86(r —a))?
F ) = . 108
(:U) qr, ) 16$(T _ C¥) ( )
Thus for z > z{*
(x—8(r—a))? _ (z—6(r—a))?
Vie(x) = =F 29). 109
L (CC) 8.’IJ(7’—CV) > 161’(7’—0{) (xqu ) ( )
O.
Proof of Proposition 8
The follower value in the stopping region can be written as
x z(1 - (qr(z) + gp(z, qr
F(z,q1) = qp(z,q1) ( Gl (r)— 5 al ) _ 5) . (110)
Plugging in the boundary capacity level ¢(x) we obtain:
2(r —a)
F(z,4,) = ——=% 111
(x>QL) .’E(,@—l)2’ ( )
so that the value of the follower is clearly decreasing with .
Proof of Proposition 9
The threshold £, is determined by the interception by the leader’s and follower’s curves:
L(Zp,4r) = F(Zp,qr), (112)
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where

.6 dr—a)(B+1)
and
. dr—a)(B+1)
jr(x) =1 G-z (114)

For the capacity level ¢r(x) the follower’s gets exactly the same value in both stopping and

continuation regions which is equal to

Fr(x,q) =

Solving L(Zy, 4r,) = F(Zp, dr,) for T, we get

A 5(7"—04)@—1-2)‘

82(r —a)
z(f—1)*

(115)

B

(116)

First, note that the threshold 2, is only relevant if it lies in the feasible region of the boundary

strategy. In particular, it should hold that ajgd < Tp < x{°°. It is easy to see that T, < x{°, as

~ S(r—a)(B+2 o(r—a)(B+3
By = (ﬁl(l) b <o (ﬁz(l) ) = af

competition parameter, A\ and qg.

Using the notation from Proposition 6 we can write

4¢¢. Yet the relation between xget and 7, depends on the hidden

. -t Mr-a)(B+2)

© T -n[i-B+viteBT B (5-1)
_o(r—a) 45+ 4 B
SR [FBer} (B+2)
- _ dr=a) f4p+a—(B+2)(1-B+V1+6B+ B
(8-1)|1-B++V1+6B+ B2 ot (5+)< ViR H
_ I Gt [B(3+B-V1+6B+B2)+2+2B—-2y/1+6B+B2+6—6
R Y 5 (3+ +6B+B2) +2+ +6B+B2+6 6|
— _ r=a) (842 (3+B-Vit6B+57) -4, (117)

(B-1)|1-B+V1+6B+B% "

40(r — a)(B8+ 1)

det

Due to the fact that

(B-1)[1-B+V1+6B+B

is positive, 25 — &, < 0 when

(B+2) (3+B \/1+GB+BQ)—4<O (118)
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Using the property that 8 > 1 we can rewrite the inequality as follows

4
3+ B— ——<V1+6B+ B2 119
B+2 (119)

The expressions on both sides of the above inequality are positive as for § > 1 it holds that

4 4
Fi2 < 3 Therefore, for 24 to be smaller than 3, it is enough to prove that

4 \? )
(3+B_ﬁ+2> <14+6B+B (120)
- 8 16 )
9+6B+ B (3+B)6+2+(6+2)2<1+GB+B (121)
24 16 8
8- 313t Grar <Brs (122)
B>f-14—2 (123)
(B+2)
B(B+1)
Substituting the expression for B we get
(B> —DAqu _ B(B+1)
Ctr—a) ~ (B+2) (125)
AdH B (126)

‘ir—a (B-D@Br2)

This implies that for 24 < #,,.

AgH
Adr—a
on the right hand side of the same inequality with respect to 3 is negative, —

Note that the left hand hide of (126), , increases with A. The derivative of the expression

2 .
wfr%z)g < 0, meaning

that the right hand side is a decreasing function of A\. This implies that there exist unique A for which

these expressions are equal, we denote it by A,:

ApqH _ B(Ap) (127)

Adr—a  (B(Ap) = D(BOA) +2)

Thus, for A > ), it holds that 2¢* < #, and the preemption trigger lies in the boundary region.
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Proof of Proposition 10

The arrival rate ), is determined by

ANH B
Ar—a (B-1)(B+2) (128)

As reported in Proposition 9 the left hand side of the above equation increases with A, while the
right hand side — decreases. Note that an increase in ¢y causes an increase in a function on the left
hand side for every value of A, shifting the intersection point that determines A, to the right. Thus,

we conclude that )\, decreases with qp. O

Proof of Proposition 11
If the preemption triggers lying in the boundary region, Z,, is determined by
L(ap) = F (i, qr). (129)

where
S(r—a)(f+1)
(B—1)z

jr(x) =1-— (130)
By definition installing the capacity ¢ implies the equal values of the accommodation and deter-
rence strategy for the leader. Thus, we can use either of those to find the value function under the

boundary strategy.

Bo) = 1(o.de) = 52 (1- 7

(131)

51

r—a)(ﬁ-i-l))
(B—1)z '

For the capacity level ¢r(z) the follower’s gets exactly the same value in both stopping and

continuation regions which is equal to

. R 2(r—«
F(%@zwé_lg- (132)
Solving L(Zp, qr) = F(&p, 1) for &, we get
. d(r—a)(B+2)
e i (133)
Substituting the above expression into (133) we get
. 1

This threshold is only relevant if it lies in the feasible region of the boundary strategy, xget <

&y < x§. It is easy to see that &, < z{°, as &), = 5(7’_(;‘1(16)”) < 5(T;gl(lﬁ)+3) = x{°. Yet the relation
between 24! and £, depends on the hidden competition parameters through A\, (g ).
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Proof of Proposition 12

The leader implements the deterrence strategy and its capacity choice is such that the follower
delays its investment. Therefore, the preemption trigger is defined as the first intersection of the
leader’s value and the follower’s value of waiting. At this point one of the firms enters the market as a
leader, whereas its rival waits till the follower’s optimal investment moment. The leader’s value and its
capacity under deterrence strategy are derived in Section 1 while the follower’s value of waiting as well
as its optimal timing and optimal capacity choice are given in Proposition 1. Due to the complexity

of these functions the explicit solution for the preemption trigger cannot be obtained.

40



References

1]

Armada, M.R.R. and Kryzanowski, L. and Pereira, P.J.J., Optimal Investment Decisions for Two
Positioned Firms Competing in a Duopoly Market with Hidden Competitors, European Financial
Management Journal , 17, 2, 305-330, 2011.

Bouis, R. and Huisman, K.J.M. and Kort, P.M., Investment in Oligopoly under Uncertainty: The
Accordion FEffect, International Journal of Industrial Organization, 27, 2, 320-331, 2009.

Decamps, J.-P., Mariotti, T. and Villeneuve, S., Irreversible Investment in Alternative Projects,
Economic Theory, 28, 425-448, 2006.

Dixit, A.K., Choosing among Alternative Discrete Investment Projects under Uncertainty, Eco-
nomic Letters, 41, 265-268, 1993.

Dixit, A.K. and Pindyck, R.S., Investment Under Uncertainty, Princeton University Press, Prince-
ton, New Jersey, United States of America, 1994.

Grenadier, S., Option Ezxercise Games: An Application to the Equilibrium Investment Strategies
of Firms, Review of Financial Studies, 15, 691-721, 2002.

Huisman, K.J.M. and Kort, P.M., Strategic Capacity Investment under Uncertainty, CentER
Discussion Paper, 2013-003, 2013.

Murto, P., FEzit in Duopoly under Uncertainty, The RAND Journal of Economics, 35, 111-127,
2004.

Pawlina, G. and Kort, P.M., Real Options in Asymmetric Duopoly: Who Benefits from your
Competitive Dsadvantage?, Journal of Economics & Management Strategy, 15, 1-35, 2006.

[10] Smets, F., Essays on foreign direct investment., Yale University, PhD thesis, 1993.

[11] Spence, A.M., Entry, Capacity, Investment and Oligopolistic Pricing, The Bell Journal of Eco-

nomics, 8, 534-544, 1977.

[12] Wu, J., Strategic Delay in a Real Options Model of R-D Competition, The Review of Economic

Studies, 69, 729-747, 2007.

41



	Introduction
	Model
	Exogenous firm roles
	The leader's deterrence strategy
	The leader's accommodation strategy
	The leader's boundary strategy

	Endogenous firm roles
	Small hidden firm
	Large hidden firm

	Conclusion
	Appendix

