Corporate Optimal Investment Rule under

incomplete information: A Real option method

Mondher Bellalah! Zhen WU?2
Abstract

L Address correspondance to : M. Bellalah , Professor of Finance, Université de Cergy-Pontoise, 33
boulevard du port, Cergy, France, e-Mail: Mondher.Bellalah@eco.u-cergy.fr

2Zhen Wu, Professor, School of Mathematics and System Sciences, Shandong University, Jinan 250100,
P.R.China, e-Mail: wuzhen@sdu.edu.cn. This work is supported by Chinese National Natural Science
Foundation (10671112) and the New century Young Teachers Program of Education Ministry , P.R.China.

Typeset by ApMS-TEX



1. Introduction

It is well know that option pricing models can be used to value projects in corporate
finance and to search for the optimal investment rule. In our paper, we assume a manager
can invest in one project, which leads to production with output price and input price.
The cash flow of the project depends on the quantity of the productions and the difference
between the output price and the input price. However the quantity producted depend
on the output price.

In section 2, we use the option pricing model to value a project under incomplete
information and taxes. Then, we assume that, if the corporate invests, it must incur the
sunk investment cost, which is irreversible ( and like the exercise price of one option). In
section 3, we get the value of the option to invest in the project for this corporate and
give the threshold value of the project. In section 4, we give some numerical examples to
show the characteristics of the optimal investment rule.

2. The corporate project value with incomplete information and taxes

We consider that a manager can invest in one project. The output price of the produc-
tion is P; and the input price is Ct, Q; is the quantity of output, 7 is the tax rate, so the
cash flow of the project can be written in the following form:

Ry = (Pt - Ct)Qt - T(Pt - Ct)Qt: Qi = Ptb (1)

The term b is a constant.

We assume the following dynamics for the output price and the input price of the
production:

dpt = Oépptdt + O'PtdBt (2)
dCt = och'tdt + O'CtdBt (3)

where o, and «, represent the instantaneous expected rates respectively for the output
and input prices of the production. The term ¢ is the instantaneous volatility for this
production. The terms B; is one-dimensional Brownian motion, which represents the
external source of uncertainty in the market.

From (2) and (3), we know that:
Pt — Poe(ap_%UQ)teo-Bt, Ct — Coe(ac—%oj)tea’Bt

This analysis does not assume that we are applying the risk-neutral approach. The firm’s
cash flows can be written as :

Ri=(1—-7)PX(P, — )

— (1 _ T)Pé)eb(ap—202)t€(b+1)aBt (Poe(ap—QUQ)t B Coe(ac_%UQ)t)

= KettDoBe p(y)



with K = (1 — 7)P¢ and
F(t) = eb@r= 20 (Ppelor—370t _ gpel@e— 39700,
Using these expressions, the changes in the cash flow of the project are given by:

1
dRy = K (b+1)oe®tV7B p(1)dB, + S0+ 1202 KebtDoBe p(t)dt

+ Ke(b-i—l)oBt F,(t)dt
Fo)., o
o)

1
= Ry(b+ 1)odB; + Rt[i(b +1)%0? +
= Ri(b+ 1)odB, + R, f(t)dt

with f(t) = 2(b+1)%02 + 8 and F(t) £ 0.

Now, we use the option methodology to value the above project, denoted by V, with
the cash flows R satisfying equation (4).

Suppose that we construct a portfolio at time ¢, that contains one unit of the project,
and a short position of n unit the cash flow of the productions, where we choose n to make
the portfolio risk-less. The holder of the project will get the revenue or profit flow Rdt
over the small interval of time (¢,¢+ dt). A holder of each unit of the short position must
pay to the holder of the corresponding long position an amount equal to the dividend
or convenience yield, that the latter would have earned, namely d Rdt. Thus holding the
portfolio yields a net dividend (R — ndR)dt, the capital gain of the portfolio equals to:

dV(R) — ndR, =[f(t)R(V'(R) — n) + %ﬁ(b +1)2R*V"(R)]dt
+ R(b+ 1)o(V'(R) —n)dB;

Now, we choose n = V'(R), so that the terms in dB; disappear and the portfolio
becomes risk-less. The total return to the portfolio is given by:

[R—6RV'(R) + %(72(6 +1)?R?*V"(R)]dt

To avoid riskless arbitrage, the value of this portfolio must be the riskless rate. However,
since there are information costs embedded in the project, and on its profit flow, the return
rate must be equal to (r+ Ay ) for the project and (r+ Ag) for the profit flow of the project,
where 7 is the risk-less rate, Ay and Ag refer respectively to the information costs on the
project and the cash flow of productions. We also assume that \yy > Ar. These parameters
represent sunk cost, which are necessary before entering into a project. Therefore, the
cost of gathering information and data about the project and the productions are present
in the discounting procedure. In this context, we have

1
[R; — 6RV'(R) + 502(1) +1)2R?*V"(R)]dt

= (r 4+ A\v)V(R)dt — RV'(R)(r + \g)dt
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So the value of the project satisfies the following equation:

502(b +1)?R2V"(R) + (r+ Ag — )RV (R) — (r + \W)V(R) + R=0 (5)

The general solution of the equation (5) is:

R

=B 51 B ,32
V(R) 1R+ Bo R +5+)\V*)\R

here 3; and (3, are the roots of the fundamental quadratic equation:

5a?(b+ BB -1+ (r+Ar—0)B—(r+Av)=0 (7)
and
- _1 r+Agp—90 r4+Ag—290 1 (T+Av)
b= T e \/[(134r1)2a2_2]2 i1 ! ®)
- _1 r+Agp—9 r+Ag—90 1 (T+Av)
62_2_(b+1)20'2_\/[(b+1)202_2]2+(b+1) 0_2<0 (9)

However, we should have V(0) = 0. As similar analysis as that in Dixit and Pindyck
(1994) (Chapter 6, section 1.C) is suitable for our case with incomplete information. We
show that the value of the project with the profit low R should be given by:

R

V(R):5+)\V_>\R

(10)

3. The investment decision and the option’s value of the project with incom-
plete information

Since we know the project’s value, it is possible to determine the firm’s option to invest.
This option depends on the value and the profit flow of the project. We give the value of
the option to invest in the project and also the critical level of the cash flow of the project
R* as well as V*. At this level, the manager exercises the option by paying an amount [
in exchange for the project.

Once again, we follow the steps of contingent claims valuation suitable for our case
with the incomplete information. Now, the portfolio consists of the option to invest in the
project with value F(R), and a short position of n units the cash flow of the productions
of the project. We also choose n to make the portfolio riskless. Also the holder of each
unit of the short position must pay to the holder of the corresponding long position an
amount equal to the dividend, or convenience yield, namely d Rdt. The capital gain of the
portfolio equals to

dF(R) — ndR; =[f(t)R(F'(R) — n) + %a%b +1)2R*F"(R)]dt

+ R(b+1)o(F'(R) — n)dB;
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We also choose n = F’(R) so that the terms in dB; disappear and the portfolio becomes
riskless. The total return to the portfolio is then:

%02(1) +1)2R2F(R) — 6RF'(R)dt

To avoid riskless arbitrage, the value of this portfolio must lead to the riskless rate.
However, since there are information costs embedded in the option of the investment and
the profit flow of the project, the return rate must be equal to (r + A\r) for the option to
invest in the project and (r + Ag) for the profit flow of the project. The term Ap refers
to the information costs on the option of the project. Therefore, the cost of gathering
information and data about the option and the productions are present in the discounting
procedure. In this context, we have:

1
[502(b +1)2R*F"(R) — SRF'(R)]dt
= (r+ Ap)F(R)dt — RF'(R)(r + Ag)dt
So the option value of the investment opportunity in the project, F'(R), satisfies:
1
502(1; +1)?R?F"(R) + (r + Ap — 6)RF'(R) — (r + A\p)F(R) =0 (11)

The equation (11) is a homogeneous linear equation of second order, so its solution is
a linear combination of any two linearly independent solutions.

F(R) = A\R% + AyR":

where A, and A, are constants to be determined, 3; and (5 are two roots of the funda-
mental quadratic equation:

%aQ(bJr D2BB—1)4+(r4+Ag—0)B—(r+Ap) =0 (12)
and
_1 T+)\R—5 r—i—)\R—(S 1 2(T+)\F)
SRR i \/[W—2P wriper 7t W
_1 r+Ap—90 r+Agp—90 1 2(T+)\F)
b2=5 = Gr1por \/[ br12z 2 Thrnzez < (14)

We also need to determine the investment threshold cash flow R* of the productions .
From F(0) = 0, we know Ay = 0, so that:
F(R) = A\ R* (15)

We know at the threshold cash flow R*, it is optimal to exercise the option, thereby
acquire the value of project V(R*) by incurring the exercise price (sunk investment cost) I.
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So, we have the first condition, stating that the value of the option at threshold R*, must
be equal to the net value by exercising it (which is called the value matching condition):

F(R*) = V(R*) — I (16)

Secondly, the graphs of F((R) and V(R) — I should meet tangentially at R*, this is called
the smooth-pasting condition:
F'(R*) =V'(R*) (17)

From the expression functions form of F'(R) in (15) and V(R) in (10), we can write the
value-matching and smooth-pasting conditions as

R*

AR = — T
|(B) 5+ A\v — A
1

* ﬂl—l —

bri(E) 5+ Ay — Ar

This yields:
R* = 51(6+AV—AMI (18)

Bi—1

and
(ﬁl _ 1)51*1[*(51*1)

((0+Av — Ag)B1)%

From the value of the project V(R) in (10), we also know the equivalent threshold value
of the project to invest given by:
e B

B

A =

(19)

I (20)

4. The simulation results and the characteristics of the optimal investment
rule

The results in section 3 give the optimal investment rule in the presence of information
costs. The manager should invest only when the cash flow, R, of the project is greater
than R* in (18). When R is less than R*, then V(R) < F(R) + I, where F(R) is the
opportunity cost. Hence, the value of the project is less than its full cost i.e. the direct
cost I plus the opportunity cost F(R). We give some simulation results and show the
critical value R* and the characteristics of the optimal investment rule.

In Figure 4.1, F(R) is an increasing function of R for the case 0 = 0.1, ¢ = 0.3 and
o = 0.5 when r = 0.04, 6 = 0.02, Ag = 0.01, Ap = 0.02, A\yy = 0.03, b = —2 and I = 20.
From the Figure, we notice that the option’s value of the project F'(R) increases when o
increases. From Figure 4.2, we know, that the threshold value of the cash flow R* is also
an increasing function of the instantaneous volatility o. In the Figure, we take r = 0.04,
0 = 0.6, A\g = 0.01, Ap = 0.02, Ay =0.03, b = —2, and I = 2. In Figure 4.3, we show
the influence of the instantaneous volatility o and the dividend ( or convenience yield rate
) to the threshold value V* of the project to invest. For the case § = 0.01, 6 = 0.02
and § = 0.03, V* is the increasing function of ¢ where r = 0.04, Az = 0.01, Ap = 0.02,
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Ay = 0.03, b = —2, I = 2. An increase in ¢ will still increase the critical value of the
project V* and hence, tends to depress investment. Thus, the greater uncertainty in the
market increases the value of the firm’s investment opportunities, F'(R), it increases also
the investment critical value of the project V*, and the cash flow in the project R* for
the corporate, but it decreases the amount of the actual investment.

Figure 4.3 we shows that when § increases, the critical value of the project V* decreases.
The further illustration can be seen in Figure 4.4. In this figure, we notice that the increase
in 0 from 0.05 to 0.08, then to 0.1 results in the decrease in F(R) and V(R), which are
the increasing functions of R, (here r = 0.04, 0 = 0.3, Ag = 0.01, Ap = 0.02, Ay, = 0.03,
b= —2, I =15). When ¢ in the Figure increases, V(R) — I and hence F(R) falls and the
tangency point, of the two curves at R*, moves to the right. In Figure 4.4, when § = 0.05,
the critical cash flow R* = 2.4347, § = 0.08, R* = 2.6930, and § = 0.1, R* = 2.9111. So,
the increase in § increases the critical cash flow R* of the project at which the corporate
should invest. In fact, there are two opposing effects of § on the project. If ¢ is larger,
the expected rate of increase of R is smaller, options on future production are worthless.
So, V(R) is smaller. At the same time, the opportunity cost of waiting to invest rises
(the expected rate of growth of F'(R) is smaller), so there is more incentive to exercise the
investment option, rather than keep it alive. The first effect dominates, so that a higher
0 results in a higher R*. This is illustrated in Figure 4.4.

Figure 4.5 shows the effect of the interest rate r on the option value F(R) when § = 0.02,
Ar = 0.01, Ap = 0.02, Ay =0.03, b = =2, I = 2, 0 = 0.38. In the figure, if the risk
free rate r is increased, F'(R) increases (the cash flow of the project R = 0.1, R = 0.2
and R = 0.3). The reason is that an increase in r reduces the present value of the cost of
the investment, but does not reduce its payoff. Hence higher interest rates increases the
opportunity cost of investing now and reduces the investment.

Figure 4.6 is done for r = 0.04, 6 = 0.02, 0 = 0.3, A\g = 0.01, Ay = 0.03, b = -2,
I = 2. In this Figure, we show the influence of the information Ap to the option value
F(R). For the case R = 0.25, R = 0.3 and R = 0.35, when the information cost rate Ap
increases, the option value of the investment ( i.e. the opportunity cost) also increases.
This also will reduce the investment. We know that when R increases, the option value
F(R) increases. This coincides with the case in Figures 4.1, 4.4 and 4.5.
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